Geometric camera models and calibration
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Course announcements

A Homework 4 is out.
- Due October 25,
- Any questions?

A Project logistics: o S )
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feedback tonight and tomorrow.
- Final project proposals are due on Octobef.20
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A Reminder about pinhole and lens cameras
A Camera matrix.

A Perspective distortion.

A Other camera models.

A Geometric camera calibration.
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Slide credits

Many of these slides were adapted from:

A KrisKitani(15-463, Fall 2016).
A Srinivasa Narasimhan (X80, Fall 2017).
A Noah Snavely (Cornell).

Some slides inspired from:

A FredoDurand (MIT).



Pinhole and lens cameras



The lens camera




The pinhole camera




The pinhole camera

Central rays propagate in the same way for both models!



Describing both lens and pinhole cameras

.. We can derive properties and descriptior
that hold for both camera models if:

A We use only central rays.

A We assume the lens camera is in focu




Important difference: focal length

In a pinhole camera, focal length is distance between aperture and sensor

A
v

focal length f



Important difference: focal length

In a lens camera, focal length is distance where parallel rays intersect

_ _ >I<
object distance D  focal Iength f
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Describing both lens and pinhole cameras

We can derive properties and descriptior
that hold for both camera models Iif:
A We use only central rays.

A We assume the lens camera is in focu
A We assume that the focus distance of
the lens camera is equal to the focal

length of the pinhole camera.

Rememberfocal lengtif refers to different

things for lens and pinhole cameras.

A In this lecture, we use it to refer to the
aperturesensor distance, as in the
pinhole camera case.




Camera matrix



The camera as a coordinate transformation

3D object .
3Dto 2D transform

_ _ (camera)
A camera is a mappitigpm:
the 3D world
‘o 2Dimage . . 2Dimage
—
a2D image

2D to 2D transform
(Image warping)



The camera as a coordinate transformation

homogeneous coordinates
A camera is a mappiigpm: /
the 3D world :B = P X
to: 2D image camera 3D world
point matrix  point

a2D image

What are the dimensions of each variable?



The camera as a coordinate transformation

r—=PX

- - - - X

X p1 P2 P3 P4 v

Y |=| ps ps DPr D8 7

Z P9 P10 P11 P12 | 1
homogeneous camera homogeneous
Imagecoordinates matrix world coordinates

3x1 3x4 4x1



The pinhole camera
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The (rearranged) pinhole camera
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The (rearranged) pinhole camera

Image
Y plane
X
:I: /
—
> 2
camera principal axis

center z=f

What is the equation for image coordinatm terms ofX?



The 2D view of the (rearranged) pinhole camel

Image plane

What is the equation for image coordinatm terms ofX?



The 2D view of the (rearranged) pinhole camel

Image plane

X Y 27w [fX/Z fy/Z]



The (rearranged) pinhole camera

Image
Y plane
X
:I: /
—
> 2
camera principal axis

center z=f

What is the camera matrRfor a pinhole camera?

r=PX



The pinhole camera matrix

Relationship from similar triangles
X Y Z|"—[fX/Z fY/Z]"

Genenrl camera model

_ - _ - [ X
X p1 P2 D3 D4 v
Y = | P DPe Pr D8 7

| Z ] | P9 Pio P11 P12 | 1

What does the pinhole camera projection look Iike?_

7?7 7 7

P=\|7 7 7 7
P77 7




The pinhole camera matrix

Relationship from similar triangles
X Y Z|"—[fX/Z fY/Z]"

Genenrl camera model

- - - - X
X p1 P2 D3 D4 v
Y = | P DPe Pr D8 7

| Z ] | P9 Pio P11 P12 | 1

What does the pinhole camera projection look Iike?_
f 0 0 0
P=|(0 f 0 O

0 0 1 0




Generalizing the camera matrix

In general, the camera and image héiféerentcoordinate systems

o X world point

Oima.ge

¢ L

image point

Ocamera




Generalizing the camera matrix

In particular, the @mera origin and image origmaybe different

Image
plane J

.
.
.
.

p .-~ camera coordinate system

.
.
.
ko

o

Image coordinate system

How does the camera matrix change?

f 000
P=|0 f 0 0
0 0 1 0




Generalizing the camera matrix

In particular, the @mera origin and image origmaybe different

How does the camera matrix change?

P

plane

.
.
.
ko

Image J

.
.
.
.

p .-~ camera co

o

Image coordinate system

-fop:z:
Ofpy

0 0 1

-
0
0_

ordinate system

shift vector
transforming

/ camera origin to

Image origin



Camera matrix decomposition

We can decompose the camera matrix like this:

f0p,][1 000
P=|0 f p | |0 10 0
00 1 ][00 10

What does each part of the matrix represent?



Camera matrix decomposition

We can decompose the camera matrix like this:

f 0 pg 1000
P=|0 f p, 01 00
0 0 1 |]|0 0 1 0]

/ \

(homogeneous) transformation (homogeneous) projection from 3D
from 2D to 2D, accounting for not to 2D, assuming image plane atz =1
unit focal length and origin shift and shared camera/image origin

f 0 py
Also written as: P = K[I|0] where K= | 0 f p,
0 0 1




Generalizing the camera matrix

In general, there artree, generally different, coordinate systems.

Oca.mera.

Oima.ge

¢ L

image point

Oworld

° X world point

We needto know the transformations between them



World-to-camera coordinate system transformati

Ye J__-:::;::s _
I . y tilde means
w
coordinate c/ heterogeneous
system . . -
/ . Ty coordinates
World_ e

coordinate
system



World-to-camera coordinate system transformati

[ ]
A
Ye i
0
Camera Le / Yw
coordinate
system
[ —> :E‘U)
' I= / “e
Coordinate of the World_ w
) ordinat
camera center in the
ystem

world coordinate frame



World-to-camera coordinate system transformati

2 Ke | NXB
_____ vo the points
e . aligned?
——————— L
Ye =..
;r ___________
Camera yw
coordinate
system| -
L
Coordinate of the \c/\c/J(())rrlginate w
camera center in the
system

world coordinate frame

(= P

translate



World-to-camera coordinate system transformati

points now
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Modeling the coordinate system transformatior

In heterogeneous coordinates, we have:

i NER A

How do we write this transformation in homogeneous coordinates?



Modeling the coordinate system transformatior

In heterogeneous coordinates, we have:

i NER A

In homogeneous coordinates, we have:

C X, X,
Y, R -RC Y, - : -
Z. | = [ 0 1 } 7. or  MNH [ﬂ gA]r]”l
1




Incorporating the transform in the camera matri

The previous camera matrix is for homogeneous 3D coordinates in camera coordinate sy

We also just derived:



Putting it all together

We canwrite everything into a single projection:

0 "Fﬁﬂ

The camera matrix now looks like:

S 0 P | R _RC
P=|0 f p, [ 0 1 }
i 0O 0 1 ] 5
Intrinsicparameterg3 x 3): / '\ extrinsicparameterq3 x 4):
correspond to camera internals correspond to camera externals

(sensor not at f = 1 and origin shift) (worldto-camera transformation)



General pinhole camera matrix

We can decompose the camera matrix like this:
P = KRJ[I| — C]
(translate first then rotate)
Another way to write the mapping
P = K[R|t]
where t = —RC

(rotate first then translate)



General pinhole camera matrix
P = K[R|t]

f 0 po | [ ri ro 7r3ity ]
P=|0 f py re Ts Te ! o
i 0 0 1 1 L T7 ] T'g t3 i
INtrinsic extrinsic
parameters parameters
. Ty T3 | [t
R — (] Ts (s t = t2
| 7 Tg Tg | | t3

3D rotation 3D translation



Recap

What is the size and meaning of each term in the camera matrix?

P = KRJ[I| — C]

NN

? ?



Recap

What is the size and meaning of each term in the camera matrix?

P = KRJ[I| — C]

7NN

? ?

INtrinsics



Recap

What is the size and meaning of each term in the camera matrix?

P = KRJ[I| — C]
A NN

Intrinsics 3D rotation



Recap

What is the size and meaning of each term in the camera matrix?

P = KRI[I| — C]
/7NN
3x3 3x3 3x3
Intrinsics 3D rotation identity

?



Recap

What is the size and meaning of each term in the camera matrix?

P = KRI[I| — C]
3x3 3x3 3x3 3x1
Intrinsics 3D rotation identity 3D translation



Quiz

The camera matrix relates what two quantities?



Quiz
The camera matrix relates what two quantities?

r—=PX

homogeneousD points to 2D image points



Quiz
The camera matrix relates what two quantities?

r—=PX

homogeneousD points to 2D image points

The camera matrix can be decomposed into?



Quiz
The camera matrix relates what two quantities?

r—=PX

homogeneousD points to 2D image points

The camera matrix can be decomposed into?

P = K[R|t

Intrinsic and extrinsic parameters



More general camera matrices

The following is the standard camera matrix we saw.

0
|
O O
O~ O
=3
g
1
~
:
®.
| I




More general camera matrices

CCD camera: pixels may not be square.

P = 0 a, py
0 0 1

How many degrees of freedom?



More general camera matrices

CCD camera: pixels may not be square.

o 0 px | rp _RC
P = 0 a, py { }

0 0 1

How many degrees of freedom?

10 DOF



More general camera matrices

Finite projective camera: sensor be skewed.

How many degrees of freedom?



More general camera matrices

Finite projective camera: sensor be skewed.

How many degrees of freedom?

11 DOF



Perspective distortion



Finite projective camera

What does this matrix look like if
the camera and world have the
same coordinate system?



Finite projective camera

The pinhole camera and all of the more general cameras we have seen so far have
operspective distortiegn @

P=| 0 a, p, 01 0 0
0 0 1[0 01 0

\

Perspectiverojection from
(homogeneous) 3D to 2D coordinates



The (rearranged) pinhole camera

Image
\Y plane

> 2
principal axis

camera
center

Perspective projection in 3D r=PX



The 2D view of the (rearranged) pinhole camel

Image plane

Y Perspective
’ distortion:
r > Mmagnification
changes with
’ depth

Perspective projection in 2D X Y Z|' = |[fX/Z fY/Z]" /



Forced perspective




The Ames room lillusion
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The Ames room lillusion

Y i

Actual position of

Person A ——_|

Apparent position
of person & —

Apparent /

shape of room

!

iewirg
peephole

Actual and
apparent position
of person B



The arrow illusion

@physicsfun



Other camera models
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camera idar from
objed and has
largefocal length

to objectand has |
smallfocal length

perspective weak perspective

increasing focal length —-

increasing distance from camera




Different cameras
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Weak perspective vs perspective camera
X Y 2"~ (fX/Z, fY/Z)

Image plane A magnification does no
5 X change with depth

- A constantmagnification

depending on f and,Z




Comparing camera matrices

[ $GQa | aadzys GKI @

0 KS

g2 NI R

A Theperspectiveamera matrix can be written as:

f 0 p,
P=|0 f p,
0 0 1

O =

= O

= O O

0
0
0

YR Ol YSNI

A Wha would the matrix of the weak perspective camera look like?



Comparing camera matrices

[ $GQa | &4adzy$

O0KI G

0 KS

g2 NI R

A Theperspectiveamera matrix can be written as:

P =

A Theweak perspectiveamera matrix can be written as:

P —

f 0 p
Ofpy

0 0 1

1
0
0

1
0
0

0
1

0

f—d

= O O

o O

o O

YR Ol YSNI



Comparing camera matrices
0KFdO GKS ¢g2NI R FYyR OF YSNI

[ $G Q& I+ aadzy$s

A Thefinite projectivecameramatrix can be written as:

P

K

A Theaffinecamera matrix can be written as:

P

K

1 0 0 O
01 0 0
0 0 1 0
1 0 0 0 |
01 0 0
0 0 0 Z,

where we now have the
more general intrinsic matri

] &y S Pg ]
K = 0 « py
0 0 1

In both cameras, we can incorporate extrinsic parameters same as we did before.



When can we assume a weak perspective came



When can we assume a weak perspective came

1. When the scene (or parts of it) is very far away.

Weak perspective projection applies to the mountains.



When can we assume a weak perspective came

2. When we use a telecentric lens.

Place a pinhole at
focal length, so
that only rays — j--------m--mmmmmmmemomsmmmmme e oo B e

parallel to primary

ray pass through.

What is the
magnification
factor in this

case”?

—————'——

b R

_ _ >I< >
object distance D focal length f




When can we assume a weak perspective came

2. When we use a telecentric lens.

O O
Place a pinhole at Q

focal length, so 1A magnification is
that Only rayS ---------------------------------------------------------------------- I constant with

parallel to primary |

depth
|
ray pass through. 1A remember that

focal lengthf

a

—————’-—

b R

P R | refers to different

object distance D focal length f ! things in pinhole
<€ S and lens cameras

aSyazNJ RAailolyoOoS 50



Orthographic camera

Special case of weak perspective camera where:

A constant magnification is equal to 1.

A there is no shift between camera and image origins.

A the world and camera coordinate systems are the same.

world

What Is the camera matrix in this case?



Orthographic camera

Special case of weak perspective camera where:

A constant magnification is equal to 1.

A there is no shift between camera and image origins.

A the world and camera coordinate systems are the same.

M world

1 0 0 0
P=|01 0 0
00 0 1




Orthographic projection using a telecentric len:

How do we make the telecentric lens act as an orthographic camera?

¢
| |
| |
| |
| |
| |
TNV T Yo U i
| |
| |
| |
| |
F
D I— >N |

object distance D focal Iength f :

<« - —>1 ..
SYyaz2zNJ) RAadal yoOS 50Q



Orthographic projection using a telecentric len:

How do we make the telecentric lens act as an orthographic camera?

| |
T .
| I We set the sensor
| ' distance as:
| | : "
R AV T Ay SN e O ¢ Q
| . .
. | In order to achieve
l I unit magnification.
| |
F
— >l ¢ > |
object distance D focal length f :
— —>1 . A
aSyazNJ RAaul yoOS 50Q



Many other types of cameras




Geometric camera calibration



Geometric camera calibration

Given a set of matched points

{Xi, @i}

point in 3D point in the
space image

and camera model

z = f(X;p) =PX

ineti Camera
projection parameters i

Find the (pose) estimate of

P 2 SQf fperdpcivehmera
model for pose estimation



Same setup ashomographyestimation

(slightly different derivation here)

Where did we see homography estimation in this class?



Mapping between 3D point and image points

- . - . X
£ P1r P2 P3 P4 v
Y = | P5 DPe P7 D8 7

| < | P9 Pio P11 P12 | 1

What are the unknowns?



Mapping between 3D point and image points

- - - - X
€L P1r P2 P3 P4 v
Yy | = | P5 Pe DPr D8 7

| < | P9 Pio P11 P12 | 1

i _—PI—_ _ -
y |=| —p2— || X

2] L—mps— 1L |

Heterogeneouscoordinates

P X ;X

(non-linear relation between coordinates)
How can we make these relations linear?



How can we make these relations linear?

Make them |1 near with algebra
py X —p3 Xy' =0
p{ X —p3 Xz' =0

Now we can setup a system of linear equations with
multiple point correspondences



ps X —p3 Xy =0

p{ X —p3 Xz' =0

How do we proceed?



ps X —p3 Xy =0

p{ X —p3 Xz' =0

0 —-zX'

xT
mat r | % ol O%1m "

How do we proceed?

IX-I_

D,
Do
D3




ps X —p3 Xy =0

p] X —p3 Xa' =0

XT 0 _mf_X'T pl
| n matri% Of 0 LM 8, 5T p, | =0

Y | P3 _
For N poi-g(tlTs 0% —z'X]
0 X;_ _?J!XI B2
. Z Z p; | =0
Xy 0 —2'Xxy | LPs_

How do we solve
this system?

0 X, —yX\ |



Solve for camera matrix by

& = argmin ||Az||? subject to ||z||* =1

£
" X! 0 —2'X| T
0 XI _?!IX;_ B
A= . Z T=| P2
Xy 0 —zXy | Ps
L0 Xy -y Xy




Solve for camera matrix by

& = argmin ||Az||? subject to ||z||* =1

£
" X! 0 —2'X| T
T T -
0 X, —vX, Dy
A= . Z =1 P2
Xy 0 —zXy | Ps
0 XN —YXy

Solutionx is the column ofV -
corresponding to smallest singular A=0U3V
value of




Solve for camera matrix by

& = argmin ||Az||? subject to ||z||* =1

£r
" X! 0 —'X] ]
T T -
A= . . Z = P2
XL 0 —2X} | P3
0 XN —YXy

Equivalently, solutiorx is the
Eigenvector corresponding to ATA
smallest Eigenvalue of




Now we have:

P11 D2
P=| p5s Dpe
Po P10

Are we done?

p3
P7
P11

P4
P8
P12




P1 P2 P3 P4
Al mo st t her=e| R ps pr ps

Po Pio P11 P12

How do you get the intrinsic and extrinsic
parameters from the projection matrix?



Decomposition of the Camera Matrix

P1 P2 P3| P4
P=|ps ps D7 | D8
Po P10 P11 | P12




Decomposition of the Camera Matrix

-pl P2 P3 Pz;_
P=|ps ps D7 | D8

Po P10 P11 | P12

P = K[R[t]




Decomposition of the Camera Matrix

P1 P2 P3| P4
P=|ps ps D7 | D8
Po P10 P11 | P12

P = K[R[t]
— K[R| — R]
— [M]| — Mc]




Decomposition of the Camera Matrix

P1 P2 P3| P4
P=|ps pe p7r | D3
| P9 Pio P11 | P12 _
P = K[R|t]
— K[R| — Rc]
= [M| — Mc]

Find the camera centerC

What is the projection of the
camera center?

~

s

Find intrinsick and rotationR




Decomposition of the Camera Matrix

P1 P2 P3| P4
P=|ps pe p7r | D3
| P9 Pio P11 | P12 _
P = K[R|t]
— K[R| — Rc]
= [M| — Mc]

Find the camera centerC

Pc=0

How do we compute the
camera center from this?

~

s

Find intrinsick and rotationR




Decomposition of the Camera Matrix

c is the Eigenvector corresponding to

I P1 P2 P3| P4 ]
P=|ps pe Dpr | ps
| P9 Pio P11 | P12 _
P = K[R|t]
= K[R| — Rc]
= [M]| — Mc]|
Find the camera centerC 1 r Find intrinsickK and rotationR
Pc=0
SVD of P!

smallest Eigenvalue




Decomposition of the Camera Matrix

_Pl P2 P3| P4 ]
P=|ps pe p7r | D3

| P9 Pio P11 | P12 _

P = K[R|t]

— K[R| — Rc]

= [M| — Mc]

Find the camera centerC
Pc=0
SVD of P!

c is the Eigenvector corresponding to
smallest Eigenvalue

~

s

Find intrinsick and rotationR

M = KR

Any useful properties of K
and R we can use?




Decomposition of the Camera Matrix

p1 P2 P3| Pa
P=1|ps ps DpPr | D8

| P9 Pio P11 | P12 _

P = K[R|t]

— K[R| — Rc]

= [M] — Mc]

Find the camera centerC
Pc=0
SVD of P!

c is the Eigenvector corresponding to
smallest Eigenvalue

~

s

Find intrinsick and rotationR

M = KR
7R
right upper  orthogonal

triangle

How do we find K
and R?



Decomposition of the Camera Matrix

_Pl P2 P3| P4 ]
P=|ps pe p7r | D3

| P9 Pio P11 | P12 |

P = K[R|t]

— K[R| — Rc]

= [M| — Mc]

Find the camera centerC
Pc=0
SVD of P!

c is the Eigenvector corresponding to
smallest Eigenvalue

~

s

Find intrinsick and rotationR
M = KR

QR decomposition




Geometric camera calibration

Given a set of matched points
, i Where do we get these
{ X, x; } :

matched points from?

pointin 3D point in the
space image

and camera model

z = f(X;p) =PX

iacti Camera
projection parameters o

Find the (pose) estimate of

P We ®1| | perspeetiveacamera
model for pose estimation



Calibration using a reference object

Place a known object in the scene.:
A identify correspondences between image and scene
A compute mapping from scene to image

ISsues:
A must know geometry very accurately
A must know 3B>2D correspondence




Geometric camera calibration

Advantages:
A Very simple to formulate.
A Analytical solution.

Disadvantages:
A52Say Qi Y2RSf NIYRAFf RAAUZ2NIAZ2Y D
A Hard to impose constraints (e.g., knofn
A52SayQid YAYAYAT S (GKS O2NNBOU SNNEBN T

For these reasonspnlinear methodare preferred
w Define error function E between projected 3D points and image positions
¢ E is nonlinear function of intrinsiextrinsics radial distortion

w Minimize E using nonlinear optimization technigues



Minimizing reprojection error

Is this equivalent to what
we were doing previously?

&
i -
¢

P
/
Pl
b
S
.e ~2 o .s ~2
m®o 4 m®Po N
m, P 2 ? m, P 9



What causes this distortion?

R

[t

inumwEEs;

no distortion barrel distortion pincushion distortiol




Radial distortion model

- P

Ideal Distorted:
b ’ x n 1 b
X = —_— X =—X
“ ’11 A=1+kr’+k,r*+--
? ' y — p)
y — v yH_ _y

z A



Minimizing reprojection error with radial distortio

_ 0 Pi
(U1_,—{/—1) ,
-------- P]_
MPS/ >

- ., pa tou . pa to)
Add distortions to 0 —— U ——
reprojection error: la tu la tu




Correcting radial distortion

before after



Alternative: Multiplane calibration

Advantages:
w Only requires a plane
w52y Qi0 KIS (2 (1y26 LRAAGAZ2YEaKZ2NRASY (! (
w Great code available online!
¢ Matlabversion: http://www.vision.caltech.edu/bouguetj/calib_doc/index.html

¢ Also available on OpenCV.
Disadvantage: Need to solve Aarear optimization problem.


http://www.vision.caltech.edu/bouguetj/calib_doc/htmls/example.html

