Gradientdomain image processing

15463, 15663, 15862
Computational Photograpl

http://graphics.cs.cmu.edu/courses/#453 Fall 2019, Lecture



Course announcements

A Homework 2 is out.
- Due September 27
- Requires camerandtripod.
- Start early'Substantiallyarger programming and imaging components than in Homework 1.
- Generous bonus component, up to 50% extra credit.
- No really: start early!

A Computational imaging group meeting is on Friday4, @m, WEH 5421.
- You are welcome to attend.
- You can also join the conrmmaging mailing list for related announcements (see Piazza for link).
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A Gradientdomain image processing.
A Basics on images and gradients.
A Integrable vector fields.
A Poisson blending.
A A more efficient Poisson solver.
A Poisson image editing examples.
A Flash/neflash photography.
A Gradientdomain rendering.

A Gradient cameras.
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Slide credits

Many of these slides were adapted from:

A KrisKitani(15-463, Fall 2016).

A FredoDurand (MIT).

A James Hays (Georgia Tech).

A Amit Agrawal (MERL).

A Jaakkd.ehtinen(Aalto University).



Gradientdomain image processing



Someone leaked season 8 of Game of Throne

or, more likely, they made some creative use of Poisson blending



Application: Poisson blending
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originals copy-paste Poisson blending



More applications

Seamless Image Stitching



Yet more applications
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Entire suite of image editing tools

GradientShop: A Gradient-Domain Optimization Framework
for Image and Video Filtering

Pravin Bhat!  C. Lawrence Zitnick?  Michael Cohen?  Brian Curless®
1University of Washington 2Microsoft Research

(e) Compressed input-image (f) De-blocking filter (g) User input for colorization (h) Colorization filter

Figure 1: The figure shows some of the image-enhancement filters we have created using the GradientShop optimization-framework. Gradi-
entShop has been designed to allow applications to explore gradient-domain solutions for various image processing problems.




Main pipeline

Non-Integrable ‘
Gradient Fields




Basics of images and gradients



Image representation

We can treat images as scalar fields (i.e.. two dimensional functions)

1(X,)): 2120




Image gradients

Convert thescalarfield into avectorfield through differentiation.

scalar field | (x,y) : 920




Image gradients

Convert thescalarfield into avectorfield through differentiation.

|l
a ,“} 920 &
UX  Hy

scalar fieldl (x,y) : 920  qmm vectorfield DI ={

A How do we do this differentiation in rediscreteimages?



Finite differences

Highschool reminder: definition of a derivative using forward difference

Fa) — fim [@ D) — (@)

h—0 h




Finite differences

Highschool reminder: definition of a derivative using forward difference

Fa) — fim [@ D) — (@)

h—0 h

Alternative: use central difference

f(z) = %E}% f(z +0.5h) ; f(x —0.5h)

For discrete signals: Remove limit and set h = 2

f(z) = flx+1)— f(z—1) How do you efficiently
o 9 compute this?




Finite differences

Highschool reminder: definition of a derivative using forward difference

Fa) — fim [@ D) — (@)

h—0 h

Alternative: use central difference

f(z) = %E}% f(z +0.5h) ; f(x —0.5h)

For discrete signals: Remove limit and set h = 2

v flx+1)—f(x—1)  What convolution kernel
(=) i
t) = 9 does this correspond to?




Finite differences

Highschool reminder: definition of a derivative using forward difference

Fa) — fim [@ D) — (@)

h—0 h

Alternative: use central difference

f(z) = %E}% f(z +0.5h) ; f(x —0.5h)

For discrete signals: Remove limit and set h = 2

flz+1)— flz—1) =

f'(z) = 2 :




Finite differences

Highschool reminder: definition of a derivative using forward difference

Fa) — fim [@ D) — (@)

h—0 h

Alternative: use central difference

f(z) = %E}% f(z +0.5h) ; f(x —0.5h)

For discrete signals: Remove limit and set h = 2

flx+1)— f(z—1) 1D derivative filter
2 1[0|-1

f'(z) =




Finite differences

Highschool reminder: definition of a derivative using forward difference

Fa) — fim [@ D) — (@)

h—0 h

For discrete signals: Remove limitand seth =1
1D derivative filter

QW Bw p) Qw 1| 1

We will be using forward differences in this lecture!



Image gradients

Convert thescalarfield into avectorfield through differentiation.

|l
a ,”} 920 &
UX  Hy

scalar fieldl (x,y) : 920  qmm vectorfield DI ={

A How do we do this differentiation in rediscreteimages?
A Can we go in the opposite direction, from gradients to images?



Vector field integration

Two core questions:

A When is integration of a vector field possible?

A How can integration of a vector field be performed?



Integrable vector fields



Integrable fields

Given an arbitrary vector fie(d, v), can we always integrate it into a scalar field

?
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Curl and divergence

Curl:vectoroperator showing the rate of rotation of a vector field.

Curl (Bl)=b3 bl What is the dimension of this?

Divergencevectoroperator showing the isotropy of a vector field.

Div (BDl) =D Bl  Whatis the dimension of this?



Curl and divergence

Curl:vectoroperator showing the rate of rotation of a vector field.

Another vector field (in 2D, this
Curl (Bl)=b23 DI is parallel to a vector
orthogonal to the 2D plane).

Divergencevectoroperator showing the isotropy of a vector field.

Div (Dl) =D DI Scalar field

How do we write these operators in terms of derivatives of |?



Curl and divergence

Curl:vectoroperator showing the rate of rotation of a vector field.

U
- - l,ll y lJ.l X
Curl (Bl)=detjpx py|=—- =1, -1,
C UX Y
X y (here we ignore a unit vector

Divergencevectoroperator showing the isotropy of a vector field.

I
UX  py

div(l,,1,)=

XX Yy



Property of twicedifferentiable functions

Curl of the gradient field should be zero:

Curl (BI)=1_-1_,=0

XYy

What does that mean intuitively?



Property of twicedifferentiable functions

Curl of the gradient field should be zero:

Curl (BI)=1_-1_,=0

XYy

What does that mean intuitively?
A Same result independent of order of differentiation.



Demonstration

How do we compute this?> Di(l, 1,) Curl( 1) I |



Laplace filter

Basically a second derivative filter.
A We can use finite differences to derive it, as with first derivative filter.

first-order pon .. fl@+h) - f(z) 1D derivative filter
finite difference © ) =T 4 E 1| -1
secondorder (2) = lim flz+h) —2f(z) + f(z — h) Laplacdilter

finite difference h—0 h* ?



Laplace filter

Basically a second derivative filter.
A We can use finite differences to derive it, as with first derivative filter.

first-order pon .. fl@+h) - f(z) 1D derivative filter
finite difference © ) =T 4 E 1| -1
secondorder (2) = lim flz+h) —2f(z) + f(z — h) Laplacdilter

finite difference h—0 e 11-211




Property of twicedifferentiable functions

Curl of the gradient field should be zero:

Curl (BI)=1_-1_,=0

XYy

What does that mean intuitively?
A Same result independent of order of differentiation.

Can you use this property to derive an integrability condition?



Integrable fields

Given an arbitrary vector fie(d, v), can we always integrate it into a scalar field

?
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Vector field integration

Two core questions:

A When is integration of a vector field possible?
- Use curl to check for equality of mixed partial second derivatives.

A How can integration of a vector field be performed?



Different types of integration problems

A Reconstructing height field from gradients
Applications: shape from shading, photometric stereo

A Manipulating image gradients
Applicationstonemapping image editing, matting, fusion, mosaics

A Manipulation of 3D gradients
Applications: mesh editing, video operations

Key challenge: Most vector fields in applications are not integrable.
A Integration must be donapproximately



Poisson blending



Application: Poisson blending
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originals copy-paste Poisson blending



Key idea

When blending,atain thegradientinformation as best as possible

source destination copy-paste Poisson blending



Poisson blending: 1D example
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two signals regular blending blending derivatives



Definitions and notation

Notation

g: sourcefunction

S:destination 2
M: destinationdomain 5
f: interpolant function
f*. destinationfunction
dQ

f f

Which one is the unknown?



Definitions and notation

Notation
g: sourcefunction
S:destination 2

M. destinationdomain

f: interpolant function

f*: destinationfunction

90
: '
';\(’;'(i'i uf.ﬂ“' How should we determine f?
% A shoulditlook like g? f £
SRR A should it look like £+



Gvariationat Y S| y &

optimization where
the unknown is an

Interpolation criterion

Variationabroblem

entire function m}n //|Vf—v|2 with  flag = f"|aq
Q

Recall ...

Vf =

what does this
term do?

Of Of

Oz Oy _

what does this
term do?

IS this known?

v = (u,v) = Vg



Interpolation criterion

Gvariationad  Y'St y a Variationalproblem
optimization where

the unknown is an , _ i}
entire function . // IVFf=v[® with  flaa = f"]sq
Q

gradient of f looks fIs equivalent to f*
like gradient of g  at the boundaries

Recall ...

Yes, since the source
function g is known

_|9f of _ _
Vf— _833" 8?}_ V—(Hj’U)—Vg




Equivalently

This i1s wher®oisson
blending comes from

Poisson equation (withirichletbooundary conditions)

Af=divv over €, with flaao= f"|s0
what does this term do?

v = (u,v) = Vg

. ou Ov

divv=—+ —

2r o or Oy

_ 2 2
Af_amfray2 :ag+ag
Ozx? = Oy?

, ou Ov = Ag
div v =

oz oy



Equivalently

Poisson equation (withirichletbooundary conditions)

Af=divv over €, with flaao= f"|s0
Laplacian of f same as g

v = (u,v) = Vg

. ou Ov

divv=—+ —

2r o or Oy

_ 2 2
Af_amfray2 :ag+ag
Ozx? = Oy?

, ou Ov = Ag
div v =

oz oy



Equivalently

Poisson equation (withirichletbooundary conditions)

Af=divv over Q, with flaa=f"|en

so make these guys ... S

v &
Ag Af
pY v o0
J the same

How can we do this?



Equivalently

Poisson equation (withirichletbooundary conditions)

Af=divv over Q, with flaa=f"|en

So for each pixel, plo: Afp — Agp How did we compute

' i the Laplacian?
Or for discrete images: 4fp — Z fo = 4g, — Z 9o e Laplacian

qEN gENy



Equivalently

Poisson equation (withirichletbooundary conditions)

Af=divv over Q, with flaa=f"|en

So for each pixel, glo: Af, = Ag, Recall...
Laplace+-
. . -4 — — 4 — : 11-4]1
Or for discrete images: 4 f, Z fq 9o Z 9q filter ==
gEND gEN,

2 KI 0 QaangRlIglyQa dzy 1 y26Yy K



Equivalently

Poisson equation (withirichletbooundary conditions)

Af=divv over Q, with flaa=f"|en

So for each pixel, glo: Af, = Ag, Recall...
Laplace+-
. . -4 — — 4 — : 11-4]1
Or for discrete images: 4 f, Z fq 9o Z 9q filter ==
gEND gEN,

f 1Is unknown excepig and its Laplacian
at the boundary are known



We can rewrite this as

linear equation 4 _ — 4. — one for each pixelg
of N variables r Z Jo 7P Z & in destinationé

gEN, gENp
In vector form: K
[ME pE p 1 pE pE 1 fa Aga, Linear system of equations
What is this?” J} s, ﬁ> Af=b
o o N s AAggqi A
OSI OK LIANEST I RRa | )/;2 U KSNJ Wa [HbvwN@#EBdyounsdive thik?:
44 Agq,
.fN i AgN

WARNING: requires special treatment at the bor
(target boundary values are same as source



Solving the linear system

Convert the system to a linear leasfuares problem:

Eris = [[Af - b
Expandhe error:

Eis=f"(ATA)f —2f"(A"b) +|b]?

Minimize the error:

Setderivativeto 0 (ATA).f —A'b

Solve forx f = (ATA)_lA—I—b



Solving the linear system

Convert the system to a linear leasfuares problem: In Matlab:

Eris = |Af - bl f=A \ b
Expandhe error:

Eis=f"(ATA)f —2f"(A"b) +|b]?

Minimize the error:

Setderivativeto 0 (ATA).f —A'b

T av—1aAT Note: You almosteverwant to
Solve forx | = €« : :
f (A A) A'D compute the inverse of a matrix.



Integration procedures

A Poisson solver (i.e., least squares integration)
+ Generally applicable.
- Matrices A can becomeerylarge.

A Acceleration technigues:
+ (Conjugate) gradient descent solvers.
+ Multigrid approaches.
+ Preconditioning.
+ Quadtree decompositions.

A Alternative solvers: projection procedures.
We will discuss one of these when we cover photometric stereo.



A more efficient Poisson solver



[ SU0Qa 2271 F3AFAY
Variationabroblem

][][1}][1//|Vf—‘f|2 with  flaa = f*|an
Y

gradient of f looks fIs equivalent to f*
like gradient of g  at the boundaries

Recall ...

of OF
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[ SU0Qa 2271 F3AFAY
Variationabroblem

][][1}][1//|Vf—‘f|2 with  flaa = f*|an
Y

gradient of f looks fIs equivalent to f*
like gradient of g  at the boundaries

Recall ... And for discrete images:
T— 1] -1
_ . T ® i
of of
Vf= : Sk
- - Tw |1




[ S0Qa 22717 F3IAFAY I

We can use the Discreteproblem
gradient What are G, f, and v? We will ignore the
approximation to S S boundary condition:
discretize the | EHI 040, U” for now.
variational problem
Recall ... And for discrete images:
T— 1] -1
_ . T ® i
of of
V= oz’ O L
i Y TE!




[ S0Qa 22717 F3IAFAY I

Discreteproblem

matrix G formed by stacking
together discrete gradientg

We can use the

gradient We will ignore the

approximation to P boundary condition:
discretize the | EHI 00 L(” for now.

variational problem vectorized version OM vectorized version of the

the unknown image target gradient field
Recall ... And for discrete images:

T— 1 1
-8f 8]‘:‘- T (‘L) _
V= : Ik

Oz’ Oy | —

Tw |1
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Discreteproblem

matrix G formed by stacking

together discrete gradientg How do we solve

PR S this optimization
| EHI 00 L(” problem?
vectorized version OM vectorized version of the
the unknown image target gradient field
Recall ... And for discrete images:
T— 1 1
i - T ® -
of of
V= : L
Oz’ Oy | —

Tw |1




Approach 1: Compute stationary points

Given the loss function:

oQ [['OQ vl
X ¢S 02YLWziS A(3a RSNAOI G0AOBSY
T O



Approach 1: Compute stationary points

Given the loss function:

oQ [['OQ vl
X ¢S 02YLWziS A(3a RSNAOI G0AOBSY
1 O ‘0°0°0 'O ¢
— U
T Q

X YR 6S R2 ¢6KIOd 6AGK AUGK



Approach 1: Compute stationary points

Given the loss function:

oQ [['OQ vl
X ¢S 02YLWziS A(3a RSNAOI G0AOBSY
1 © 0o00Q 0
U
T 0

G OKIG G2 1T SNRY

1 O o o

— 1t O 0Q Ouvu

T Q ‘—|—' . . :
> \What is this matrix?

> What is this vector?




Approach 1: Compute stationary points

Given the loss function:

oQ  [[OQu|
X 6S 02YLz0S AGa RSNAGFGAOSY
T O i o s
— 0 0Q Ov
I Q
X YR 6S asSit GKFO G2 1 SNRBY  ltisequaltothe vecto
T O —tmy b we derived previousl
'|'_"Q TH ,_OI_,OQ Ov It is equal to the

> Laplacian matrix A we
derived previously!



Reminder from variational case

Poisson equation (withirichletbooundary conditions)

Af=divv over Q, with flaa=f"|en

So for each pixel, glo: Af, = Ag, Recall...
Laplace+-
. . -4 — — 4 — : 11-4]1
Or for discrete images: 4 f, Z fq 9o Z 9q filter ==
gEND gEN,

2 KI 0 QaangRlIglyQa dzy 1 y26Yy K



Reminder from variational case

linear equation 4f _ — 4. — one for each pixelé
of N variables r Z Jo 7P Z & in destination :

gEN qENp
In vector form: B
ME pE pt pE pET| /e Age, Linear system of equations
fc';zz Agq, |fl> Af — b
fp = Agp

oA < A . v L S P _ Same system as:_
0SI OK LIAESt | RRa IY2Z2IUKSNJ] YalLlJl NASQ NRg K.

"0°0"0 Ol

We arrive at the same system, no matter whether we discretize
continuous Poisson eqguation or the variational optimization probl

| SN | Agn |



Approach 1: Compute stationary points

Given the loss function:

oQ [['OQ vl
X ¢S 02YLWziS A(3a RSNAOI G0AOBSY
1 © 0o00Q 0
U
T 0

0
T O Solving this isxactlyas

— 11t "O"0O'Q 'O  expensive as what we
T Q had before.



Approach 2: Use gradient descent

Given the loss function:
oQ  [['OQ vl

X ¢S 02YLWziS A0a RSNAOI GAOQBSY

' O i . w e v+ Wecall this term
T_“Q O0'0Q Ou 0 Qwki the residual



Approach 2: Use gradient descent
Given the loss function:
oQ ['OQ vl

X ¢S 02YLWziS A0a RSNAOI GAOQBSY

T O e oo womm w. s We call this term
F‘Q O0'0Q Ouv 0 Qwkl the residual
X | YR itekaBvélycampute a solution:

Q) Q s fori nh mhere8h . h
S are positivestep sizes



Selecting optimal step sizes

Make derivative of loss functiawith respect t@§ equal to zero:
oQ  [[OQu|
ore ) e si)

(e ) ()

[0 o(Q si)]i mt g

TS (1 ) ol



Gradient descent

Given the loss function:
oQ  [['OQ vl

Minimize by iteratively computing:

. . . i)
Q Q sihi & 8Qhs (g ))61

Is this cheaper than the pseudwrerse approach?

for i

1t h

-«



Gradient descent

Given the loss function:
oQ  [['OQ vl

Minimize by iteratively computing:

_ . y i)
Q W sihi w 0Qhs (g )) o

Is this cheaper than the pseudwrerse approach?
A We never need to computi&, only its products with vectofsr.



Gradient descent

Given the loss function:
oQ  [['OQ vl

Minimize by iteratively computing:

_ . y i)
Q W sihi w 0Qhs (g )) o

Is this cheaper than the pseudwrerse approach?

A We never need to computi&, only its products with vectofsr.
A Vectorsf, r are images.

Tt h

-«



Gradient descent
Given the loss function:
oQ ['0Q vl
Minimize by iteratively computing:

(i)
i) ol

-«

Q@  Q sihi ® 6Qhs fori  mh p

Is this cheaper than the pseudwrerse approach?

A We never need to computi&, only its products with vectofsr.

A Vectorsf, r are images.
A Becausé\ is theLaplacian matrixthese matrixvector products can be efficiently compute

usingconvolutionsvith the Laplacian kernel



In practice: conjugate gradient descent
Given the loss function:
oQ [[OQu]
Minimize by iteratively computing:

" Q sQhi ® ©6Qh fori mh ph 8h

Q l I Qh A Smarter way for selecting
update directions
(i ) i (Q) i A Everything can still be done
f S using convolutions

(Q) 0Q



Note: initialization

Does the initializatioff matter?



Note: initialization

Does the initializatioff matter?

ALGO R2SayQid YI G0 SNk donwerge SoNFecausetife logsKundiion & oyf

oCQ  'oQ vl



Note: initialization

Does the initializatioff matter?

ALGO R2SayQid YI G0 SNk donwerge SoNFecausetife logsKundiion & oyf
o(Q [['OQ v

A It does matter in terms of convergence speed.
A We typically use multi-grid approach:
- Solve an initial problem for a very loasolutionf (e.g., 2x2).
- Use the solution to initialize gradient descent for a higher resolti{mg., 4x4).
- Use the solution to initialize gradient descent for a higher resolti{mg., 8x8).
X
- Use the solution to initialize gradient descent fof aith the original resolutiolxN



We can rewrite this as

linear equation 4 _ — 4. — one for each pixelg
of N variables r Z Jo 7P Z & in destinationé

gEN, gENp
In vector form: K
[ME pE p 1 pE pE 1 fa Aga, Linear system of equations
What is this?” J} s, ﬁ> Af=b
o o N s AAggqi A
OSI OK LIANEST I RRa | )/;2 U KSNJ Wa [HbvwN@#EBdyounsdive thik?:
44 Agq,
.fN i AgN

WARNING: requires special treatment at the bor:
(target boundary values are same as source



Note: Handling (Dirichlet) boundary conditions

A Form a mask that is O for pixels that shouitbt be
updated (pixels o&mand! m) and 1 otherwise.

A Use convolution to perform Laplacian filtering over

the entire image S
A Use (conjugate) gradient descent rules to only

update pixels for which the mask is 1. Equivalently,

change the update rules to: 20

Q "Q LS (gradient descent)
Q Q L QI (conjugate gradient descent)



Poisson Image editing examples



A\

t K202aK2LJQa 4daKSI| f

Slightly more advanced version
of what we covered here:
A Uses higheorder derivatives




Contrast problem

Loss of contrast when pasting from dark to bright:
A Contrast is a multiplicative property.
A With Poisson blending we are matching linear differences.




Contrast problem

Loss of contrast when pasting from dark to bright:

A Contrast is a multiplicative property.
A With Poisson blending we are matching linear differences.

Solution: Do blending in lapmain.




origials copy-paste Poisson blending



Blending transparent objects

source destination



Blending objects with holes

(¢) seamless cloning and destination av-
eraged

(d) mixed seamless cloning
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Concealment

7 How would you do this
- with Poisson blending?




Concealment

oF How would you do this
with Poisson blending?

A Insert a copy of the
background.
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10N

membrane interpolat

Special case

How would you do this?




Special case: membrane interpolation

How would you do this?

Poissomroblem
m}n// |‘7f—v|2 with  flaa = f|en
Q
Laplaciamproblem

m}nf/Wflz with  flaa = f7|an
Q




Flash/neflash photography



- High Nois
- Lacks Detfe
+ Ambient Ligh

- Natural Look
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Denoising Result




No-Flash




Denoising Result




Key idea

Denoise the ndlash image while maintaining the edge structure of the flash image
Al 26 @g2dad R &€2dz R2 UKAA dzaAy3a G4KS AYIl 3S



Can we do similar flash/f@ash fusion tasks with
gradientdomain processing?



Removing seffeflections and hoespots

Ambient Flash




Removing seffeflections and hoespots

Ambient Flash




emoving seffeflections and hoespots

Ambient i
Al ~ Result Reflection Layer




ldea: look at how gradients are affected

Same gradient Flash Gradient Vector

vector direction
Ambient Gradient Vector

No reflections




ldea: look at how gradients are affected

Reflection Ambient Gradient
Different gradient Vector

vector direction Flash Gradient Vector

With reflections




Gradient projections

Flash Gradient Vector

Result Gradient Vector

>




2D Integration

Result

-q

Ambient



Gradientdomain rendering
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Gradient domain




Primal domain



