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ng differential Monte Carlo solver

concurrent work pursues this type of approach

A Differential Monte Carlo Solver For the Poisson Equation

Zihan Yu
zihayl9@uei.edu
University of California, Irvine & NVIDIA
USA

Zhigian Zhou
zhigiaz8@uci.edu
University of California, Irvine

Lifan Wu

lifanw@nvidia.com

Shuang Zhao
shz@ics.uci.edu
University of California, Irvine & NVIDIA

USA
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() Solution

Figure 1: We introduce a new gri

— Y

(b) Derivative

free technique to estimate derivatives of solutions to the Poisson equation with respect to

arbitrary parameters including domain shapes. This example includes a 3D Laplace problem with Dirichlet boundary conditions
on a wired bunny shape. We visualize the solution to this problem in two cross-sectional planes in (a) and the derivative of this

solution (with t to the translation of the bunny
ABSTRACT

‘The Poisson equation is an important partial differential equation
(PDE) with numerous applications in physics, engineering, and
computer graphics. Conventional solutions to the Poisson equation
require discretizing the domain or its boundary, which can be very
expensive for domains with detailed geometries. To overcome this
challenge, a family of grid-free Monte Carlo solutions has recently
been developed. By utilizing walk-on-sphere (WoS) processes, these

24, Demver, €O, USA

d with our method in (b).

techniques are capable of efficiently solving the Poisson equation
over complex domains.
In this paper, ageneral

alationa t i Posaces it with D ischlat iy conuli

tions. Specifically, we devise a new boundary-integral formulation
for the derivatives with respect to arbitrary parameters including
shapes of the domain Further, we develop an efficient walk-on-
spheres technique based on our new formulation—including a new
approach to estimate normal derivatives of the solution field. We
demonstrate the effectiveness of our technique over baseline meth-
ods using several synthetic examples

CCS CONCEPTS
+ Mathematics of computi
Integral equations; Probabi

—» Partial differential equations;
c algorithms.

[Yu et al. 2024]
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Fig. 1. We apply our inverse PDE solver to a 20 electrical impedance tomography experiment [Hauptmann et al. 2017, in which an electric current flows
through a saline-filled water tank containing conducting objects of different sizes (photographs in middle). The marker in the middle indicates the center

Injecting a current using 2 of 16 uniformly spaced electrodes at the tank boundary generates a measurable voltage difference at the other electrodes, and
injecting at various lacations produces s matrix t¢ of messurements. The objective of this inverse problem s ta infer the properties of the conductor from
this data. We perform a differentiable simulation of this setup to optimize the center and radius of a conducting circle. The frames on the left show the

® ¢

progression of the optim
measurement (columns (d)).

Partial differential equations can model diverse physical phenomena inclu
ing heat diffusion, incompressible flows, and electrostatic potentials. Given
a description of an object’s boundary and interior, trad

ation (columns (a)), while the rightmost two colums reveal how the predicted voltages become increasingly consistent with the

! A variance seduction strategies and show how to di
mmrw random walks in reverse mode.

such PDEs by densely meshing the interior and then solving a large and

spasse linear syst Recent g
alternative approach and avoid this complexity in exchange for randomness:
they compute stochastic solution estimates and genesally bear a striking
resemblance to physically-based rendering algorithms.

In this asticle, we develop algorithms targeting the inverse form of this
problem: given an already existing solution of a PDE, we infer paramelers

characterizing the boundary and interior. In the grid-free setting, there
are again significant connections to rendering, and we show how insights
from both fields can be combined to compute unbiased derivative estimates
that coable it used optsation. I thisprocess, we encouser e
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our approach on both simulated data and a real-
word sl impedance tomography experiment, where we reconstruct
the position of a conducting object from voltage measurements taken in 3
saline-flled tank.

©CS Concepts: + Mathematics of computing — Partial differential
equations; - Computing methodologies — Rendering,

Additional Key Words and Phrases: Walk on Spheres, Differentisble Render-
ing, Path Replay Backpropagation, Electrical Impedance Tomography
ACM Reference Format:

Ekrem Fatih Yilmazer, Delio Vicini, and Wenzel Jakob. 2024. Solving Inverse
PDE Problems using Grid-Free Monte Carlo Estimators. ACM Trans. Graph.
13, 6, Article 175 (December 2024), 18 pages. hitps://doi.org/10.1145/3687990

1 INTRODUCTION
Many physical phenomena are naturally described using partial
differential equations (PDE). For example, the heat equation mod-
els the spread of thermal energy in a potentially heterogeneous
material. Solvers that numerically approximate solutions of such
PDEs are in widespread use. We pursue the opposite direction in
this article, which is known as an inverse PDE problem: estimat-
ing unknown parameters from observations of the solution. This
set of unknown parameters could include various PDE coefficients,
boundary conditions, and even the shape of the domain.

ACM Trans. Graph, Val. 43, No. 6, Artce 175, Publication date: Decersber 2024,

[Yilmazer et al. 2024]
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Thank youl!

project page: imaging.cs.cmu.edu/differential_walk_on_spheres

code: github.com/baileymiller/differential_wos
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