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Abstract. We present a theory of textured appearance of optically rough
surfaces based on wave optics, emphasizing the role of texture for passive
depth from focus. Our theory shows that even surfaces that traditional
computer vision would consider textureless can produce textured appear-
ance, due to subjective speckle from surface microgeometry. We analyze
the properties of this second-order texture, and show that we can enhance
its contrast under natural ambient lighting by simply using a narrowband
spectral filter. Doing so results in dramatic improvements in passive depth
reconstruction of seemingly textureless scenes, as we demonstrate through
extensive theory, simulations, and real-world experiments.
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1 Introduction

Are textureless scenes recoverable? Sundaram and Nayar [I] posed this funda-
mental question to the computer vision community nearly three decades ago.
Their analysis suggested that little geometrical information exists in images of
a textureless scene taken by a standard camera, thus greatly hindering passive
depth sensing of such scenes. In the succeeding years, computer vision has made
great strides towards developing methods for passive depth sensing, leveraging
focus or parallax cues that can be inferred from texture even under uncontrolled
ambient illumination. Despite these advances, the assumption has remained that
passive depth sensing of textureless scenes is difficult, if not impossible. In this
paper, we challenge this assumption: we show that merely adding a narrowband
spectral filter in front of an otherwise standard lens-based camera allows using
depth from focus (DFF) to recover textureless objects (Figure [1]).

Understanding this surprising finding requires examining another fundamen-
tal question in computer vision: What is texture? The conventional definition
requires spatial variations of surface reflectance or normal at a scale resolvable
by the camera at the working imaging magnification, manifesting as spatially
varying intensities in focused images of the surface. Thus, a surface with spatially
constant bidirectional reflectance distribution function (BRDF)—the macroscopic
description of reflectance—would be considered “textureless”.

We challenge this definition by revisiting classical surface appearance models
based on wave optics. Our analysis predicts that even such “textureless” surfaces
will produce non-constant in-focus images showing subjective speckle—high-
frequency intensity variations due to diffraction at surface microgeometry that
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Figure 1: Computer vision traditionally considers depth recovery of scenes with sparse
texture features impossible with passive methods such as depth from focus (top). We
show that simply adding a narrowband spectral filter to the camera makes passive
depth recovery of such scenes possible (bottom). We explain this surprising finding by
developing a theory of second-order texture—a form of subjective speckle whose in-focus
contrast is enhanced with decreasing spectral bandwidth (crops to the left).
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the camera cannot resolve. Understanding this effect requires analysis of second-
order intensity statistics, instead of just the mean (first-order moment) intensity
predicted by classical appearance models. We term this effect second-order texture,
to distinguish it from the classical first-order texture.

Second-order texture will be useful for DFF only if it has high-enough contrast
to overcome sensor noise. Prior work assumes that significant subjective speckle
is possible only under coherent illumination or at microscopic magnifications. We
show that using a narrowband spectral filter (10-100 nm) results in high-contrast
second-order texture under typical passive computer vision conditions—outdoor
and indoor ambient lighting, macroscopic magnifications. Using such a filter
also reduces incident flux, necessitating increased exposure time to maintain
signal-to-noise ratio (SNR). We show that, even under severe underexposure
(3—4 stops), second-order texture is discernible from noise. On the whole, using a
narrowband spectral filter can dramatically improve DFF performance (Figure .

To present our findings, first, we provide background on DFF, and characterize
depth recoverability conditions as a function of texture contrast and SNR (§ [3).
Next, we develop our second-order theory of texture, and analyze the factors
impacting the contrast of second-order texture (§ @) Then, we use this analysis to
assess, through theory and simulations, how DFF performance varies with filter
spectral bandwidth and exposure time (§ . Last, we perform DFF experiments
under ambient indoor and outdoor illumination that validate our findings (§ @
The supplemental PDF includes all proofs and additional experimental results.
The project WebsiteEl includes interactive visualizations, code, and datasets.

2 Related work

Passive depth sensing in computer vision. Passive methods use parallax or
focus to infer depth under ambient illumination. Parallax methods such as stereo

! https://imaging.cs.cmu.edu /second-order-texture
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Figure 2: We demonstrate fine-scale depth recovery of objects with sparse texture
features under ambient lighting indoors (ceiling lights, left) and outdoors (sunlight,
right). In both cases, adding a spectral filter dramatically improves DFF performance.

[2HE] infer depth by triangulating correspondences across multi-view images.
Among focus methods, depth from focus [6HIT] infers depth by assessing per-pixel
focus in a dense focal stack. Depth from defocus [I2HI6] uses two images at
different focus settings to estimate defocus blur and thus depth. Other methods
change both focus and aperture (confocal stereo [I7]), vary focus differentially
(focal flow [I8, [19]), or engineer high-frequency defocus blur (coded aperture
[20H24]). Focus methods can be analyzed as stereo with a baseline equal to the
lens aperture [25], a relationship used in lightfield [26] 27] and dual-pixel [28-31]
methods. Unfortunately, these methods fundamentally require tezture, to either
establish correspondence or assess focus, and are unreliable in textureless scenes.

Passive interferometric imaging. Several methods leverage the weak coherence
of ambient illumination through interferometry—correlation measurements of
superimposed light waves—for passive 3D imaging tasks. Incoherent digital
holography methods take interferometric measurements to create holographic
scene representations [32H37]. Other such methods can perform 3D localization
for occluded imaging [38H42]. Closer to our work, interferometry has been used
for passive depth sensing—through focus [43], parallax [44], or time-of-flight
[45]—of even textureless scenes. Unfortunately, these methods require complex
and sensitive optical systems, limiting their practical utility. Like these methods,
ours achieves textureless passive depth sensing by leveraging weak coherence
effects—subjective speckle from ambient illumination—but it does so through
just a very simple modification to a standard depth-from-focus system—mounting
a narrowband spectral filter in front of the lens.

Speckle imaging. Speckle has been extensively studied in optics since the
invention of the laser. We refer to dedicated textbooks [46H48], and limit our
discussion to literature in vision and graphics. Computer vision methods have used
speckle for tamper detection [49], motion tracking [50H52], vibrometry [53| [54],
imaging around corners [55], and through occluders [56H58]. All these methods
are active, introducing coherent illumination into the scene to induce speckle.
These applications have also motivated work on speckle rendering [59H63]. Lastly,
speckle modeling is at the foundation of classical appearance models for rough
surfaces [64H67], a foundation we revisit to develop our theory.
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3 Depth from focus & recoverability conditions

We begin with background on depth from focus (DFF) and an analysis of re-
coverability conditions, focusing on the role of texture and sensor noise. DFF
uses a focal stack of images, captured by stepping the focusing depth of the
camera lens. We denote this stack as {I;(7)}/_,, where I;(7) is the sensor’s
intensity measurement at the pixel p and focus index j—we use 2D vectors p
to indicate pixel center locations, and tildes to highlight quantities impacted by
sensor noise, such as the noisy intensity I and its functionals. Depth recovery
requires determining for each pixel p the (most) in-focus index ji¢ (D).

DFF estimates jit(p) by finding the image that maximizes a measure of
spatial intensity variation (or “sharpness”) for a patch Pr(7p) of T pixels (e.g.,
VT x \/T-square) around 7. Several such focus measures are available [68];
we consider the squared sample coefficient of variation Z:?(T)’) = 5 (F)/m2(7)
computed from the sample mean and sample variance of gray patch intensities,

0=y Y (LI -mm) . 0

P'€Pr(P) P'€Pr(P)

QEE
<
I
NI~
=

We use E?(To’) because it simplifies analysis, but our findings extend to other
common focus measures (§ @ DFF estimates jit(7) as j*(7) = argmax, ¢;(p).
We refer to E?(]_a’) as simply sample contrast, and omit p where convenient.
The justification for estimating j;r as j* is that the contrast E? will be maximal
at the in-focus index because defocus acts as a low-pass filter. This justification
is valid under two conditions [9, [68]:
1. Texture condition: The in-focus patch Pp(p) has appreciable texture, i.e.,
spatial intensity variations, in the absence of noise.
2. Signal-to-noise ratio condition: The sensor noise is sufficiently low so that
intensity variations due to texture are discernible from those due to noise.
These conditions are affected by scene appearance (surface reflectance, lighting),
imaging conditions (lens aperture, exposure, sensor noise), and algorithmic choices
(patch size T'). In the rest of this section, we characterize the impact and interplay
of these factors. We first distinguish between the measured noisy intensities Tj,
and the corresponding noise-free intensities 1;, which we define formally below.
We also define the noise-free contrast, sample variance, and mean C?, s?, and m;
(respectively) analogously, and use them to define a notion of recoverability.

Definition 1: a-recoverability

For any « € [0, 1], we say that the in-focus index jit is a-recoverable when
Pr(cZ < ;) < a, where: 1. ¢% is the focus measure at ji¢, and 2. ¢2 ; is the
focus measure at an out-of-focus index j,of # jir with sufficient defocus such
that noise-free intensities are nearly identical, thus ¢ ; ~ 0.

We use a-recoverability as a weaker, but analytically tractable, proxy of true
recoverability to formalize the interplay of texture and noise (Proposition .
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We next characterize the statistics of noise-free and noisy intensities at jir and
Joof—denoted as Iif and Io¢ for the noise-free, and analogously for the noisy case.
Texture model. The in-focus noise-free intensities Iis(p) are themselves random
variables described by a statistical texture model. For weakly textured surfaces,
as we define them in § it suffices to consider the mean g and variance o? of
their stationary pointwise distribution. From the definition of j,.¢ in Definition
the noise-free intensities I,o¢ will all equal p; and have zero variance.

Noise model. We can relate noisy to noise-free intensities at both j € {Ji, joot }
using the standard Poisson-Gaussian model [69], Tj = min(I; + nj, [hax), where:
1. 1, is proportional to the incident flur ®; and exposure time t, I; = ®;t¢/q,
implying that pe = E[®] = m9/tc. 2. The noise term n; is a random variable
combining photon shot (Poisson) noise and read (Gaussian) noise. It has mean
E[n; | I;] = 0 and signal-dependent variance V[n; | I;] = I;1/g + olcaa/g>, where
O2nd = Opret 9202 0st- 3. The constant ¢ depends on quantum efficiency, g on ISO,
Opre ad Opost 0N Teadout circuitry, and Inax on the saturation limit. This model
assumes for simplicity no dark current or discretization, assumptions we revisit
in § The marginal variance of noise n; thus equals 02 == V[n;] = #1/g + eaa/g?,
using the fact that the noise-free mean intensity equals y; at jir and joof-
Recoverability condition. Using these texture and noise models, we can define:

2 2 2
2 o1 2. On 1 ( Uread)
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The squared texture contrast k3 and reciprocal squared SNR k2 measure texture
and noise strength. We can relate them to recoverability as follows.

Proposition 2: Necessary and sufficient condition for a-recoverability

For any « € [0, 1], the in-focus index jis is a-recoverable if and only if:

texture SNR patch size
1 -1
2 -1
Z( G /T%) . >0 (1-a), (3)

where: 1. Z(x) = ¢/\/1+(z+1)* is a monotonically increasing function; and
2. ®71() is the inverse CDF of the standard normal distribution.

Proposition [2| (proved in supplement) provides an interpretable view of the
three key factors impacting recoverability: texture contrast, SNR, and patch size.

The green highlighted factor in Equation suggests improving recoverability
by increasing SNR. Doing so is possible by increasing exposure time ¢ (Equa-
tion ), but only up to the saturation limit I,,,x. Further increasing SNR is
possible by averaging captures from multiple sensor readouts. However, doing so
increases acquisition time by more than the increase in total exposure time.

The brown highlighted factor in Equation (3] suggests improving recoverability
by increasing the patch size T—representing the decreasing impact of noise in the
sample contrast ¢ as samples increase. However, increasing 7' comes at the cost
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of decreased lateral resolution and increased errors close to depth discontinuities
(which are not accounted for in standard DFF).

The classical understanding of texture in computer vision suggests that we
cannot improve the blue highlighted factor in Equation while maintaining
passive operation—i.e., without active illumination to artificially texture surfaces.
In what follows, we show this understanding to be incorrect: We present a second-
order theory of texture (§ [4) based on wave-optical scattering of light, which
predicts that it is indeed possible to amplify texture by simply adding a narrow-
band spectral filter in front of the camera. We provide extensive experimental
verification (§ @ of this prediction, showing that the fundamental requirement for
texture in passive depth recovery is not as severe as previously thought. Of course,
adding a spectral filter also worsens the SNR factor in Equation , assuming
fixed exposure time. We show (§ |5)) that the improvement in texture contrast
outweighs the worsening in SNR after only a sublinear increase in exposure time.

4 A second-order theory of texture

Further analysis of x? in Equation requires characterizing the pointwise
distribution of pixel intensities I(p). We assume for simplicity that the incident
flux ®;(7) at a pixel is proportional to the irradiance E(p) at its center, ®;(7) =
E;(7)AZ. It follows that xf = k§ = o&/u%, thus it suffices to analyze k.

Our goal in this section is thus to characterize the irradiance E(p). In § [4.1]
we use wave-optical principles of light scattering to derive an expression of E(7)
for a camera imaging optically rough surfaces under ambient illumination. We
then explain how this expression relates to appearance models in computer
vision [64H66], [70], and why the appearance of real-world rough surfaces is always
textured due to subjective speckle, even for surfaces that classical computer vision
would consider textureless. In § [£:2] we quantify the strength of this textured
appearance as a function of imaging and illumination conditions.

4.1 First and second-order texture

To simplify exposition, and without loss of generality, we we(k)
assume a thin-lens camera that images a planar, frontopar- Li (@) (k)
allel, and optically rough surface under far-field illumination )

n
(Figure . Our problem setting and derivation closely adapt i W
Po(-home
1z

v
Goodman [46], §§5.8 & 6.3]. We use a 3D coordinate system ,/
where the z axis is parallel to the optical axis and the macro- C/ > )
scopic surface normal 7. We use 3D unit-norm vectors @ for -
directions, and w,, for their projection on the z—y plane. We h(q)f
) Ty proj Yyp

use 2D vectors P on the z—y plane interchangeably for both Figure 3: Problem
sensor and surface points, and identify each sensor point with Setup and notation.
the surface point it maps to through its central ray ¢ (i.e., pinhole projection).

We model the camera lens using its focus-dependent point spread function
(PSF) P.(p — q), and use wc(k) for the spectral sensitivity function (SSF) of the
sensor. We model the far-field illumination as a spectral radiance environment map
that we assume separable in direction and wavenumber, L;(@, k) = L; ()4 (k),
where k = 27/ is the wavenumber and A the wavelength, assuming mutually
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incoherent sources at different directions @. Our goal is to compute the irradiance
reaching the sensor due to the scattering of L;(@, k) at the surface point p.

If we zoomed in on the surface around p (Figure , we would observe mi-
croscopic roughness that we model in Monge form using a random heightfield h.
This roughness has scale comparable to the visible wavelength (hence, optically
rough) and is not resolvable by the camera, thus the surface appears macroscopi-
cally planar. Instead, the roughness is responsible for the surface’s wave-optical
scattering behavior, determining its appearance. We model this appearance using
the Fourier transform of a functional of the heightfield, as follows.

Definition 3: Sample BRDF

Given a local surface heightfield h(-), we define the sample bidirectional re-
flectance distribution function (sample BRDF) ! as:

1

== | S(q,7,k,u,)e* T2 47, (4)
A Jpo

(7, @, k)
where S is a functional of the heightfield h and reflection coefficient r,

S(?jv ?7 ka Uz) = S(T]»_F?a kvuz)S*((_f_?v kvuz)v
s(P:k,uy) =r(7, k)e*u=2P) 7 e R

(5)
We elaborate on roughness assumptions and required properties for h in the
supplement. We can use f, which is random through h, to express the irradianceﬂ

Proposition 4: Appearance model

The irradiance received at sensor point p equals:

Relationship to classical appearance model. Equation @ is equivalent to
the standard PSF-based image formation model for a thin lens. Equation is
almost the standard reflectance equation in computer vision, except it uses the
sample BRDF f! instead of the standard BRDF f, for rough surfaces as defined
in, e.g., Stam [65]. This difference is the basis for our texture theory: f*, and thus
also E, are random variables due to their dependence on h. Classical appearance
models eliminate this randomness by using ensemble averages Ey [f!], Ey [E] over
all microgeometry realizations. We make the link to classical models explicit.

2 fM is also a scaled Wigner transform of s(-; k, u).
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Proposition 5: Ensemble averaging

Assuming ergodicity for h, Ey [frh(?]’, @+ 0, k)] =f.(q, &+ 9,k).

From linearity of expectation, replacing f* with f, in Equations @ and
produces the classical radiometric equations for the ensemble-averaged irradiance.
Subjective speckle as second-order texture. We use the notation:

E(p) =Eu[E(F)], BY(P):=E(P)-E®). (8)

-

The difference E® between irradiance and
its ensemble-average is known in optics as sub-
jective speckle [40, [62]. E* arises because of
wavelength-scale surface microgeometry that
cannot be resolved by the camera at the work- S g
. . . . non-identical
ing magnification. Resolvable changes in sur- microgeometry
face geometry or material, including visible 101
surface roughness at high magnifications [9],
are instead represented in the BRDF f, (which
includes foreshortening), and thus E.

camera image

= + 0

. -0.1
appearance first-order second-order

Returning to DFF, classical computer vi- E(7) E(P) BN (F)
sion theory defines “texture” as spatial vari- Figure4: First-order texture

ations of the ensemble-averaged irradiance E (checkerboard pattern) is due to visi-
(Figure ). However, the presence of subjective ble BRDF variations. Second-order
speckle E® suggests that even a surface that texture (speckle) is due to invisible
would classically be considered textureless— random microgeometry even at
i.e., one with spatially constant BRDF—can first-order textureless regions.

show irradiance variations due to non-resolvable microgeometry. We use the terms
first-order and second-order terture to distinguish the two types of variations,
as one considers only the first moment of E (ensemble average E), whereas the
other considers also second momentsﬁ of E (variance of subjective speckle E?).
When is ensemble averaging accurate? The ensemble averaging assumption
of classical computer vision is accurate under geometric camera models (e.g.,
perspective, orthographic) with an infinitesimal aperture and thus infinite PSF in
Equation @ Most previous derivations of appearance models for rough surfaces
[64-66] assume an infinite PSF, making them inaccurate for lens-based cameras
under large-aperture or close-focus conditions—and thus DFF. Our derivation
of Proposition [4] assumes finite PSFs to study implications of deviations from
ensemble averaging for DFF.

4.2 Characterizing second-order texture contrast
Our next goal is to derive an expression for the coefficient of variation x%—and

thus k#—that accounts for both first-order and second-order texture. We can

3 E® captures all higher-order moments; we focus on second-order moments in the
context of Proposition |2| for DFF.
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then use this expression to assess the practicality of second-order texture for
DFF, and characterize recoverability improvements.We define

Ai(27 k) = LQ(A)Li(a)(@.ﬁ)esz?.wzy do (&) (9)

as the coherence function (CF) of the far-field illumination Ly, i.e. its (projected)
Fourier transform. The effective support size of A; is the coherence area A?
[66, [71], which increases as the illumination’s directional footprint decreases
Combining Equations (7 and (9) gives Lo(q, 0, k) = F#{S - A;}(9), which
we use with Proposition [4] to rewrite E(7) as (denoting f(k) = w. (k)¢ (k)):
spectral integration over band Ay
spatial integration over area A2

o1 : A2
spatial integration over area A;

/ / (B —1) [ S(q, 7, k)27, k)e*?T%v d7 dg dk . (10)
R+ R2 R2

We can interpret this expression as follows (Figure [5)): Li(w)

1. The innermost integral equals Lo (G, 0, k), and aggre- ~
gates complex and random (due to the dependence of lig
S on h) values over points 7 in an area of size A? /P
controlled by the CF A;. As the integrand is the prod— [(S(q, 7
uct of conjugate- symmetrlc functions, the integral is T
real-valued] for all 7. o <
2. The intermediate integral equals the spectral density :
of irradiance E(7,k), and aggregates real random 5:\
Lo(q,0,k) values over points ¢ in an area of focus- — —
dependent size A? controlled by the PSF P.. Figure5: Coherent
3. The outermost integral aggregates real random E(7p, k) summation within co-
. herence areas results

values over wavenumbers k in a spectral range Ay

i k1 d
controlled by the illuminant ¢ and SSF we. - dizlr’li‘;) elnfﬁirzrf;

summation of such ar-
eas within the PSF re-
duces speckle contrast.

Using optics terminology, the innermost integral performs
coherent summation within each coherence area—resulting
in random L,(¢q,0,k) values manifesting as speckle—
whereas the other two perform incoherent summation within the PSF area
and spectral bandwidth. Assuming h has sufficiently fast variation within each
coherence area, the random L, (¢, 0, k) values are approximately independent for
points ¢ separated by more than 4; (i.e., non-overlapping AZ-sized integration
areas), or for sufficiently separated wavenumbers k—manifesting as uncorrelated
speckle. Then, we can understand E(p) as averaging independent real-valued
random radiances whose number scales proportionally to A,4%/a2. Consequently,
the variance of E(7P) is inversely proportional to this number, tending to 0 as

* L, can take negative values, similar to forms of a generalized radiance [72, [73].
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defocus (and thus A?) or bandwidth (and thus Ay) increase—reducing speckle
contrast and converging to ensemble averaging (Figure @—while attaining its
maximal value when in focus. We formalize this discussion next.

Proposition 6: Pointwise coefficient of variation of irradiance

In focus, the coefficient of variation of intensity and irradiance equal

second-order first-order
1
KT = Ko ~ MQ(l—i—Qn) + K%, (11)

where: 1. n% is the in-focus coefficient of variation for first-order texture E;

2. Q == mA%i/A? is the relative size of the in-focus PSF and coherence area;
3. M = G Ak is proportional to the spectral bandwidth, through a constant
(1 that depends on statistical properties of h and the mean wavevector.

Notably, we consider a surface without first-order
texture, meaning constant ensemble-averaged irra-
diance E, and thus x2 = 0. Such a surface would
be Classmally described as “textureless.” Yet, Equa-
tion 11]) predicts non-zero in-focus texture contrast
K= 1/MQ7 due to second-order texture. Therefore,
from Proposition [2] even this first-order textureless
surface is potentially recoverable, so long as the con-
trast is stronger than noise. Equation further
predicts that we can increase this contrast by reduc- : g v
ing the bandwidth Ay and thus M—e.g., by using Figure 6: In-focus images of
a spectral ﬁlterEl Assessing recoverability requires a white target using different
considering the impact on SNR, as we do in §[f]  filters (center \) show uncor-
related speckle patterns. Their
incoherent summation without
a filter eliminates speckle.

Practicality for computer vision. The factor
@ in Equation helps understand under what
conditions second-order texture is practical for DFF.
Its in-focus contrast improves with larger coherence areas A? due to illumination
dominated by concentrated far-field sources (e.g., outdoor sunlight, indoor small
ceiling lights), and worsens with more directionally uniform illumination (e.g.,
outdoor overcast conditions, indoor large ceiling panels). It also improves with
smaller in-focus PSF sizes AC i+ 0-€., smaller f-numbers or reproduction ratios [74].
In § [6] we show that, using bandw1dths Ay = 10-100 nm, second-order texture
improves DFF in settings typical for passive computer vision: 1. both outdoor and
indoor ambient lighting (4; &~ 50-100 pm [45]); 2. reproduction ratios 1/50-1/10 at
f-numbers up to 6 (Agir &~ 30-150 pm). Second-order contrast reduces also with

® The same principle applies to using a polarizer in front of the camera to improve tex-
ture contrast, as the two orthogonal (incoherent) polarization states from unpolarized
light generally produce uncorrelated speckle [46, §4.5].
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larger pixel sizes [44] [75], favoring smaller pixel pitches (3 pm in our experiments).
We elaborate in the supplement.

5 Recoverability with second-order texture

We focus on recoverability for a first-order textureless surface, i.e., K% = 0. From

Proposition [2} it suffices to express the texture contrast-SNR product ©?% as a
function of bandwidth Ay and exposure time ¢t. Equation already provides
an expression for k¥; whereas from Equation , getting an expression for k2
requires relating the mean flux ug to Ai. We prove the following.

Proposition 7: Texture contrast—SNR product
In focus, the texture contrast-SNR product ©? = #7/x2 equals:

TS PO S S— (12)
QG (1 2 oL

where the exposure time ¢ € [0, 9Tmax/G,A,,) has a saturation limit dependent on
spectral bandwidth A, and the constant G5 depends on spectral reflectance.

Analysis and simulation. In Figure [7] we visualize the probability of error
Pr(cZ < ¢2 ;) predicted from Equations (3 and 1.' for dlfferent bandwidths Ay
and exposure times t. We also use Monte \

Carlo simulation to numerically estimate & ;)’,“1“[\”1*‘\ o
Pr(¢i; < ¢ ;) and assess the accuracy of
our theory. Assuming a first-order tex-
tureless surface, we sampled focal stacks
of noisy speckle patterns, then computed
sample contrast ¢2. We sampled speckle
using a statistical model detailed in the Zw
supplement, and sensor noise using the
model of § ] The supplement lists all pa-
rameters (illumination, surface, sensor,
lens) and other details of the visualiza-
tion and simulation. The results show — S
closely matching theory and simulation bandwidth (um) bandmdfﬁ ()

predictions for Pr(¢% < &) (lower is Figure 7: Error probability Pr(cf < €)
better). We also observe: estimation from theory and simulation.

2
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1. For constant bandwidth (a vertical line), the optimal ¢ is the saturation limit.
As texture contrast 7 is fixed, maximizing ¢ maximizes SNR 1/x2 and 62.

2. For constant exposure time (a horizontal line), the optimal Ay is again
determined by the saturation limit, 4.e., maximizing A, till intensities saturate.
The decrease in 7 is outweighed by the increase in 1/x2, improving 62.

3. For constant bandwidth—exposure time product (a diagonal line, corresponding
to constant SNR), optimizing ©2 requires minimizing A, while proportionally
increasing ¢, to stay close to the saturation limit.
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Figure 8: DFF improves with filters of decreasing bandwidth thanks to enhanced
second-order texture, visible in median-subtracted crops (‘med-sub’). This enhancement
also results in focus measure peaks more distinguishable from noise (top two plots),
decreasing the fraction of pixels under a z-score threshold (bottom two plots, gray pixels
in depth maps). Example captured outdoors under sunlight.

4. When decreasing Ay, it is also possible to improve ©2 by increasing t sublin-
early, i.e., by less than the amount required to maintain constant SNR.

5. Due to the saturation limit for a single capture (diagonal discontinuity in
simulated results), lowering Ay with a filter enables much reduced probability
of error (top-left corner) than without a filter (bottom-right corner).

In the next section, we validate these observations through extensive experiments.

6 Experiments & limitations

We perform DFF experiments across multiple scenes using only pre-existing
ambient light—either sunlight, or standard ceiling lights. The supplemental PDF
and project website include more experiments, visualizations, code, and data.
Experimental setup. Our setup uses a machine no fillier
vision camera (FLIR BFS-U3-122S6M-C), a motor-
ized lens mount for focus control, a photographic lens
(Canon EF-S 60mm f/2.8 Macro USM), and narrow-
band spectral filters (Edmund Optics, different FWHM
bandwidths, center wavelength ~ 530 nm).
Implementation details. Given a focal stack
{1;(7)};]=1, we use a focus measure that aggregates
3 x 3 Laplacian values over a Gaussian kernel of width
Oage = /2 [68]. Empirically, this measure performed
better than the sample contrast. For simplicity, we
continue to use ¢? for this measure. —
10 20 40 80 160
As we do not have access to ground-truth depth bandwidth (nm)

in general, we quantify DFF performance using the Figure9: Validation of the
per-pixel robust z-score ¢ = [&—median(&)|/\aD(e2), 7 metric with active DFF.

¢ is the max focus measure at j*; 2. median(¢3) and

scene (left)| error

o
g2
=

0.50
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the optimal exposure time, second-order texture is already discernible from noise at
median-subtracted crops (‘ms-if’ vs ‘ms-oof’), improving focus measures and z-score
statistics (bottom plots). Example captured indoors under ceiling lights.
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MAD;(¢?) = median;[¢; — median(c)| are the median and median absolute
deviation (MAD) of the focus measure curve. Thus, ¢ quantifies confidence that
the focus measure peak corresponds to the true depth.

We use £ to filter out noisy depth estimates by thresholding at some level &y,
(shown as gray pixels in depth maps), and to compute an error metric 7 € [0, 1]
equal to the fraction of unrecovered pizels (pixels with £(7) < &n). We use 7 as
a metric to compare DFF performance, as a proxy of Pr(c? ci < coof) In Figure E
we validate this metric by comparing it to the root-mean-square error (RMSE)
with respect to reference depth obtained with active DFF (i.e., using a projector
to create artificial texture). The figure shows that RMSE and 7 are strongly
correlated as expected—wrong depth estimates arise from flat focus curves (low
texture or high noise), hence have low & values. We elaborate in the supplement.
Contrast enhancement. Figure [§ shows enhanced in-focus texture and dras-
tically improved depth using filters of decreasing bandwidth, while adjusting
exposure time to maintain exposure. Medlan-subtracted 1mages of a weakly
textured patch help visualize the con-
trast enhancement. The plots show focus
curves and z-score statistics. Figures
and [[3] show more scenes.

Exposure impact. Figures [I0] and [T1] .
assess the tradeoff between exposure w;i?jif,i;d
time and spectral bandwidth. In Fig- Figure 11: DFF improves with a spectral
ure adding a filter of bandwidth filter even at suboptimal exposures. Exam-
A, = 10nm requires increasing expo- ple captured outdoors under sunlight.

10 nm, 4x -

'10 nm, 16x
under-exposed under-exposed  well exposed

10 nm,
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Figure 12: Aggregating focus measures over progressively larger patch sizes allows
depth recovery at adaptive scales. With the filter, much finer details are recovered at
smaller patch sizes (see resolution map). Example captured outdoors under sunlight.

sure time by 32X to maintain proper exposure. Yet DFF performance already
improves when we increase exposure time by just 4x (i.e., underexposure by 3
stops), with further improvements closer to proper exposure. The crops and plots
show the increase in contrast and z-scores, at a weakly textured patch—where
second-order texture gradually overcomes noise—and in aggregate. The same
behavior holds for other bandwidths (bottom right) and outdoors (Figure [TT).

Pixel-adaptive aggregation. So far we considered DFF with a fixed focus
measure aggregation width o,g. (or effectively, fixed patch size T') at all pixels.
However, the optimal aggregation width can vary per pixel, depending on local
texture contrast and noise level. We use a simple adaptive method that, at each
pixel, selects the minimum aggregation width og,, that achieves z-score above a
threshold &n. We can then use o7, as a metric to assess improvements in lateral
resolution due to second-order texture. Figure shows that using a spectral

filter indeed results in depth maps of significantly higher lateral resolution.

Limitations. The supplement shows experiments representative of the two main
cases where using a spectral filter may not improve DFF performance: The first is
translucent surfaces, as subsurface scattering greatly diminishes speckle contrast
[46], §6.4.3]. The second is illumination with large directional footprint (e.g.,
indoor lights that are very large or very close to the scene, overcast outdoor
conditions, or strong indirect light), making A; much smaller than A ;. We show
that the deterioration of contrast, and thus DFF performance, with increasing
directional bandwidth is consistent with our theory (§ 4.2]).

Moreover, improving DFF performance with a spectral filter requires in-
creasing exposure time—even if sublinearly. Figures [7] and [I0] show that a filter
bandwidth Ay = 10nm requires a 4x exposure time increase before performance
starts to improve. Our results should help assess whether different application
settings justify this tradeoff between depth accuracy and acquisition time.

7 Conclusion

We developed a second-order theory of texture, with significant implications for
the definition of texture and its role in passive depth from focus. Our theory
shows that: 1. Even surfaces that would traditionally be considered textureless
can produce textured appearance, thanks to subjective speckle due to surface mi-
crogeometry. 2. Using a narrowband spectral filter enhances the in-focus contrast
of this texture. 3. This enhancement can bring about dramatic improvements in
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Figure 13: Examples of DFF improvement in indoor and outdoor real-world scenes.
Using a spectral filter improves both fixed-size and pixel-adaptive reconstructions. The
project website provides interactive visualizations of these and other scenes.

depth accuracy under conditions typical for passive computer vision. We validated
this theory through extensive simulations and experiments.

Our findings invite a broader reexamination of texture and passive depth
sensing in computer vision: Though we developed our theory in the context of
depth from focus, second-order texture can likely benefit other passive methods
using focus or parallax. Further development of algorithms (confocal constancy
[17] and focal flow [I8] of subjective speckle) and theory (multi-view correlations
of subjective speckle [76] and memory effect [57]) can realize these benefits.
Additionally, the different statistics of speckle and sensor noise hint at the
possibility of using learning-based methods to detect speckle even under very low
SNR. Future research can adapt related successful approaches in other speckle
imaging applications [55], [56]. Lastly, both our work and recent work on passive
interferometric depth sensing [43H45] rely on the weak coherence of ambient
light to relax texture requirements. Further research should help understand the
relative merits of interferometric and non-interferometric methods.
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This document is broadly organized into two parts. Appendices [AHD] are
focused on additional results, analyses and implementation details, while Appen-
dices [EHI] are dedicated to theoretical derivations including proofs of all of the
main results.

Table of Contents

[A_Practical conditions for second-order texturel . ..................... 2
|A.1 Imaging: lens settings and pixel pitch| ........................ 2
[A.2 TMumination conditionsl. ...........coviiiiii . 4
1A.3 _Material constraints| ........... ... 5}

IB Interplay between texture contrast and noise| ................ ... .. 6

|C Depth recovery performance evaluation|..................... ... .. 9
IC.1  Quantitative comparison| . .. ...t 9
IC.2 Validation of z-score-based metric with active DFF referencel. ... 11

ID Implementation details| ......... ... .. .. ... . . . 11
ID.1 Capture setup| . ... ..vvvni 11
ID.2 Depth recovery algorithms|............ ... ... ... ... . ... 12
ID.3 Monte Carlo simulation| . .......... ..o i i 12

16
16
18
|E.3 Scattering and Measurement|.......... ... . ... ... oL 19
|E.4  Approximating measured 1rradiancel. .. .. ..., 20
IE.5 Ensemble averaging]. ......... ... . 22

[F_Characterization of second-order texturel .......................... 24
IF.1  Proot of exponential distribution|............................ 27
IF.2 Spatial integration|. .. ... ... ... . 28

G_Noise modell. ... 30

IH Depth from focus analysis|....... ... .. .. . 31
IH.1 Statistics of the focus measurel . ......... ... i 32
IH.2  Proot of Proposition |2 ............ ... ... ... ... ... ... ... ... 34

' Recoverability with second-order texture|.......................... 36
IL.L1 ~ Attenuation due to spectral filtering| ............ ... ... .. ... 37
II.2  Gaussian spectral profile| ...... ... ... . i 37

1.3 Wavenumber and wavelength bandwidths|..................... 38



https://imaging.cs.cmu.edu/second-order-texture

2 S. S. Ranganathan, I. Gkioulekas

A Practical conditions for second-order texture

The in-focus contrast of second-order texture, and hence DFF performance,
depends on practical factors spanning the imaging system, the illumination, and
the surface material. The analysis and experiments presented in this section
serve two purposes: 1. they validate our theoretical predictions on the nature
of second-order texture in § [£.2} and 2. they demonstrate limitations of our
technique, i.e. regimes where using a narrowband filter offers little to no benefit.

A.1 Imaging: lens settings and pixel pitch

In § we showed that the in-focus contrast of second-order texture x? is

dependent on the in-focus PSF width A ;¢ via Q—the relative size of the in-focus
PSF and the coherence area. We characterize the impact of practical camera
parameters—lens f-number and reproduction ratio (that together determine PSF
width), and sensor pixel pitch—on the in-focus second-order texture contrast and
DFF performance, and derive optimal parameter values. We excluded the impact
of sensor pixel pitch in our analysis in § [ for the sake of analytical tractability
(by assuming flux is proportional to irradiance, and hence that ¥ = k2 )-the role
of which will become evident below.

Theoretical analysis. We can use Equation to determine how the lens’
f-number N and reproduction ratio m change second-order texture contrast,
through their impact on the lens’ in-focus PSF size A ;. At infinity focus, the
image-space width of the diffraction-limited PSF equals AN [47) §5.2.2]. We can
account for finite focus with reproduction ratio m by replacing f-number N
with the effective f-number Neg = (m + 1)N.[74] Lastly, we can convert to
object-space widths by dividing by the reproduction ratio m, arriving at:

1
Acif = Y gy (13)
m

From Proposition [f] assuming a first-order textureless surface:

2
9 1 m

kY X —5 ———,
! -7\72(7714—1)2

(14)

where throughout this section we use proportionality to absorb constants that do
not depend on the lens or sensor. Equation suggests that the in-focus contrast
of second-order texture improves with smaller f-number N (larger apertures)
and larger reproduction ratio m (larger magnification). However, this analysis
does not account for the finite pixel size, which imposes a bound how much we
can improve in-focus contrast achieved at an optimal minimum N for any given
m. We elaborate next.

We denote by A1 the sensor’s pixel pitch (physical width of pixels on the
sensor), and by Ay ¢ = 4».1/m the magnified pizel pitch (width of the surface
area imaged by a pixel after accounting for magnification). Pixels optically blur
incident irradiance with a rect kernel of width Ay (. This additional blur is
an incoherent summation process that will reduce the contrast of subjective
speckle when incident irradiance (in object surface-space) varies considerably
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within the Ay o-sized spatial extent of a pixel—equivalently when the in-focus
PSF width A is significantly smaller than the magnified pixel pitch Ay .
These considerations suggest that, to maximize the in-focus contrast of second-
order texture at reproduction ratio m, we should set the f-number so that
Ag it = Apo. From Equations and , the optimal in-focus texture contrast
and corresponding optimal f-number become:

ki3 (m) o m’ achieved at N*(m) = _Aea
I A%y T Am+ 1)’

(15)

Further decreasing the f-number results in reduced contrast:

A2_ N2 1 2
ki = K% (m) A;’lf x Kf%m)%, it N < N*(m). (16)
p;1 p,1

Therefore, Equation shows that using sensors with smaller pixel pitch can
improve in-focus contrast of second-order texture, and provides guidance on how
to optimally set f-number N at a given target reproduction ratio m.

Lastly, from Proposition[2] characterizing impact on DFF performance requires
accounting for both texture contrast and SNR. We follow § [f] and do so by
considering how to maximize the texture contrast-SNR product ©2 = #i/x2 for a
given target reproduction ratio m. We distinguish two scenarios:

1. Exposure time is not constrained: We achieve optimal ©2 by setting f-number
N = N*(m) (Equation ) to maximize texture contrast x7, and exposure
time ¢ to saturation (Propositionﬁ[) to simultaneously maximize SNR 1/x2.

2. Ezposure time is fized: Under Poisson noise-limited conditions, 1/x2 o 1/N?
(Equation ) Thus ©% x m’/N*(m+1)2 for N > N*(m) (Equation (14)),
and 62 o< £72(m)(m+1)?/a2 | for N < N*(m) (Equation ) Therefore, we
achieve optimal ©2 by setting f-number N to the minimum value before
saturation, collecting as much light as possible through the lens aperture.

Experimental validation. Figure [14] f-number

shows experimental results for an indoor

scene, using filter bandwidth Ay = 10nm
and reproduction ratio m =~ 1/30. We

captured focal stacks using different f-

number settings, adjusting exposure time

to achieve proper exposure at each setting,

then visualized the focus measure ?3? at a

textureless patch as a function of f-number. |

The in-focus contrast of second-order tex- |

ture, both relative to out-of-focus contrast = :

and in absolute terms, becomes worse as we Figure 14: Experimental evaluation of
use more suboptimal settings— f number second—orde? texture contrast in a tex-

too large, or too small (pixel pitch limit). tureless region (marked, top left) as a

. function of f-number. The crops (bot-
The results closely match our theoretical tom left) are representative of high and

predictions in Equations 7. low-contrast cases.

focus index
Af/7.1

TS
f-number
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scene 20 cm 40 cm 60 cm at 20cm at 60cm

10 nm

no filter

distance of LED (cm)

Figure 15: Impact of illumination distance on DFF performance. As the LED moves
closer to the scene, the angular bandwidth increases and the coherence area decreases,
leading to a reduction in in-focus contrast and DFF performance.

A.2 Illumination conditions

In § we also pointed out that the in-focus contrast of second-order texture x?
is dependent on the coherence area A? of the illumination (via Q). Our theory
therefore predicts that the in-focus contrast of second-order texture, and hence
DFF performance, will be worse under wider angular footprints of illumination,
that result in smaller coherence areas. This is the only section where we use
artificial light sources instead of pre-existing ambient illumination, to facilitate a
controlled experiment assessing the impact of coherence area.

Validation of theory. Figure [[5] shows an experiment to validate
this prediction. To emulate increasing angular bandwidth while

keeping all other conditions constant, we moved an LED light |
source progressively closer to a scene (Figure , and captured a
full focal stack at each position. As a translation stage moves an
LED closer to the scene, the effective angular footprint of incident \
illumination increases, and the coherence area decreases. Y LD e

The crops show that the in-focus contrast of second-order tex-  positioning
ture (amplified by introducing a spectral filter) is much weaker _ .
when the LED is closer to the scene (20 ¢m), compared to when glgure 16:

. R K apture setup
the LED is far (60 cm). As our theory predicts, in-focus contrast . [ mp
decreases, and DFF performance worsens. positioned on

This experiment is complementary to the effect of decreasing a translation
spectral bandwidth already presented in Figure |8] These two pieces rail.
of evidence together provide confidence that the improvements we see are indeed
due to diffractive (wave-optical) effects, and therefore can be attributed to the

phenomenon of second-order texture that we describe in our theory.

Limitation. This experiment also highlights a limitation of our method in
practice: when the angular footprint of illumination is too wide, the texture
contrast 7 is still too small after spectral filtering that it still cannot overcome
the noise level of the camera. Figure [[7]shows experiments on a scene comprising
objects of different levels of geometric complexity (in ascending order: walls,
letters, meshed pen holder, hair wig). We illuminate this scene using two artificial
sources of illumination, an LED spot light and an LED ring light: The spot light
has a small directional bandwidth, and thus large coherence area A?; the ring
light has a much larger directional bandwidth, and thus much smaller coherence
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scene no filter 10 nm no filter ; 10 nm filter

spot light
depth image

ring light
depth image

near

Figure 17: Using a narrowband spectral filter provides negligible improvements on this
scene when we illuminate it with a nearby large ring light. The reason is the excessively
small coherence area of the illumination, which results in second-order texture of very
low contrast—even when spectrally filtered—relative to the noise level. By contrast,
using the filter results in drastic improvements under spot-light illumination, which has
a much larger coherence area.

area A? (Equation @) The crops show that the in-focus contrast of second-order
texture is much weaker under the ring light than under the spot light. As a result,
our method provides only minor performance improvements under the ring light,
compared to the much more marked improvements under the spot light.
Impact of shadows. In many of our results, shadowed regions do not show as
much improvement as non-shadowed regions (e.g. the shadow of the letter in
Figure . One obvious reason is poor SNR in these regions. Another reason is
that shadowed regions are primarily illuminated by indirect light, which typically
has a much larger angular footprint than direct light, and thus much smaller
coherence area. As a result, second order texture contrast is much weaker in
these region, offering little to no improvement in DFF performance.

A.3 Material constraints

While we considered the physics of surface scattering, our theory does not account
for possible subsurface scattering in the materials of the scene. Subsurface
scattering is a phenomenon where light penetrates the surface of a material,
scatters internally, and exits at a different location. This can significantly reduce
the contrast of second-order texture, as it effectively results in the incoherent
superposition of far more speckle patternsﬂ than would be present in a purely
surface-scattering material.

Figure[I§shows experiments on a scene comprising objects made from different
materials, including materials with varying levels of subsurface scattering (plastic
bottle and wax candle on the back right, ceramic cups on the front right). The
experiment shows that the performance improvements from our method gradually
decrease with increasing amount of scattering (e.g., ceramic cups, crop A), until

5 due to the finite spectral bandwidth, i.e. smaller temporal coherence length than the
scattering distance within the object. Refer [46]
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Figure 18: Performance improvements from using a narrowband filter will vary for
different optical materials. Crop B, which corresponds to a nearly opaque material (label)
shows the strongest improvement. Crop A, which corresponds to a weakly translucent
material (ceramic cup) shows reduced but still significant improvement. Crop C, which
corresponds to a strongly translucent material (wax) shows negligible improvement.
The underlying cause is that strong subsurface scattering in translucent materials (e.g.,
wax) greatly reduces the contrast of second-order texture (subjective speckle).

eventually they become negligible in very translucent materials (e.g., wax candle,
crop C). By contrast, our method provides strong performance improvements at
parts of the scene that are largely opaque (e.g., the label on the plastic bottle,
crop B). This behavior is expected, as subsurface scattering strongly reduces the
contrast of subjective speckle—an effect extensively documented and analyzed in

optics [46], §6.4.3].

B Interplay between texture contrast and noise

§ ] provided a high-level overview of the 5.0 —10 nm
tradeoff between second-order texture con- @225 *;g EE
trast and SNR for depth recovery perfor- _48 nm
mance in terms of the probability of error 0.0 —=—"+—— : ~ —80nm

=2 =2 3 3 : _ 25 71 200 566 1600 —135nm
Pr(¢ < ¢2;). This section provides an ad exposure time (ms) 996 am

ditional layer of detail about what happens
under the hood—showing how the texture-
contrast-SNR product, and the statistics of
the focus measure (mean and standard devi-

Figure 19: Plot of ©2(t, Ax). Param-
eters match those in in Figures [7]

and
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ation, derived in Appendix are impacted by spectral bandwidth and exposure
time, and how that, in turn, results in the behaviour of the probability of error
shown in Figure[7]

Texture Contrast-SNR product. Just like we visualized the probability of
error as a grid as in Figure [7} we can also visualize the texture contrast-SNR
product ©? = #i/x2 defined in § directly. An increase in ©2 directly maps to a
decrease in the probability of error through Lemma Figure 19| shows O? as
a function of exposure time t for different values of spectral bandwidth. Each
line stops at the maximum exposure time ¢ that can be used for a given spectral
bandwidth, before the camera saturates.

Focus measure statistics. Lemma (from Appendix provides approximate
expressions for the mean and variance of the sample contrast focus measure ¢2.
We have the mean and standard deviation of the in-focus and out-of-focus focus
measures:

E[c}] ~ ki + K3, (17)
E[a/gof] ~ ‘%iv (18)
2
V[E?f] ~ T-1 (K% + K“i)’
5 (19)
Vrcgof] ~ T -1 (KJ%)

As a consequence, the mean separation between the (noisy) in-focus and out-of-
focus sample contrast focus measures

E[e}] - E[eCu] ~ sl (20)

In addition, we know from Proposition [] that for a first-order textureless
surface (k2 = 0)

2 =
(21)

and from Equation

2 _ 1 Jr2ead>

T (1 - tCpa (22)

Thus, given the parameters of the capture system, we can plug in these values

to compute the mean and standard deviation of the in-focus and out-of-focus focus
measures. The bottom row in Figure [20] plots these quantities as an extension of
Figure (7} The ‘theory’ curves show the predicted separation E[¢?] — &2 for j = ji
and j = joor (the latter is uniformly zero, as evident from Equation ), also
labeling a region +1x standard deviations surrounding it. These regions give us a
sense of the width of the distributions of ¢ and ¢2 The separation between the

oof*
in-focus and out-of-focus focus measure distributions provides immediate insight
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| &= in-focus (MC) % out-of-focus (MC) — ~ in-focus (theory) - out-of-focus (theory) ‘

Figure 20: Visualization of the mean and standard deviation of the focus measure
(specifically, E[¢®] — &7, and /V[c?]) along the three paths shown in Figure E ‘theory’
corresponds to direct analytical evaluation using Equations —, while ‘MC’
corresponds to Monte-Carlo estimates of the same quantities using samples from
simulation. The MC estimates (using 10k samples per point) have higher variance in
regimes of very low exposure.
into DFF performance. When the distributions of E?f and E?)Of are well-separated,
the chances of a patch being misclassified as in-focus or out-of-focus is low, and
hence Pr(&?f < E%Of) is low. When they are close together, the opposite is true
(worst case: 50-50 chance).

This plots provide a clearer picture of how capture parameters (exposure
time and spectral bandwidth) individually influence the statistics of the focus
measures in and out of focus with more granularity.

1. If the spectral bandwidth is reduced at a fixed exposure time, the mean
separation between the in-focus and out-of-focus focus measures increases in
accordance with Equation (right sections).

2. When the exposure time is increased (left section), the mean separation
is unaffected, but the standard deviation of the focus measures decreases,
reducing overlap between the distributions and thus reducing the probability
of error.

3. If the spectral bandwidth is reduced, while also increasing the exposure time
to maintain proper exposure (middle section), the mean separation increases,
while the in-focus standard deviation increases slightly (in accordance with

Equation ).

Match with Monte-Carlo simulation. Overlaid on the theory-based curves
and shaded regions (from Equations (19)-(20)) are the corresponding Monte-
Carlo (MC) estimates from simulation. The close match between theory and
simulation (for both focus measure statistics, and probability of error) shows
that our theoretical analysis is accurate, and that the assumptions made in
Appendix [H] are reasonable. In particular, we assumed that the distributions of
¢ and ¢2 ; are approximately Gaussian, which is validated by the close match
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Table 1: Fraction of unrecovered pixels n with £ > &n (= 4.0) for all scenes in our results
(main paper and supplement). Dashes indicate unavailable (not captured) datasets.
Visit https://imaging.cs.cmu.edu/second-order-texturefor interactive visualizations of
all scenes

scene no filter 100nm 48 nm 25 nm 10 nm

illusion 0.834 - - - 0.004
side table 0.560 0.469 - - 0.243
helmet 0.742 0.461 0.313

knight 0.866 0.532 0.427 0.388 0.362

set cards 0.842 0.732 0.621 0.460 0.287

bin 0.853 - - 0.461 0.583

sculpture 0.552 - - - 0.113
corner 0.715 0.645 0.615 0.613 0.644
columns 0.823 0.664 0.668 0.631 0.642

trash can 0.633 0.493 0.501 0.462 0.216

hair & mesh 0.561 0.423 0.359 0.261 0.141
bottles & mugs 0.534 0.415 0.371 0.348 0.295
cup 0.893 - - - 0.518

between theory and simulation. One may notice that the theoretical curves
consistently overestimate the mean contrast in the high-contrast regimes (left
and middle plots). This can be directly attributed to an assumption we make
in the derivation of Lemma i.e. we assume that the intensities of pixels are
independent. See Appendix [H] for details.

C Depth recovery performance evaluation

We report quantitative metrics across all our scenes, and validate our z-score-
based evaluation metric. Visit our webpage (https://imaging.cs.cmu.edu/second-
order-texture)) for interactive visualizations of all scenes in the main paper and
supplement, including depth maps, surface renders, and comparisons.

C.1 Quantitative comparison

Table [I] aggregates DFF performance metrics across all captured scenes we show
in both the main paper and the supplement. As we do not have ground-truth
depth, to assess performance, we use the fraction of unrecovered pixels n we
defined in § [6] which serves as a measurable proxy for the probability of error
Pr(¢% < ¢2;) (thus lower values of 1 represent better DFF performance). The
table shows that, consistently across all scenes, performance improves as spectral
bandwidth decreases—and while adjusting exposure time to maintain proper
exposure—in agreement with our theoretical predictions. The main paper shows
quantitative comparisons also for cases of underexposure (Figure [10)).


https://imaging.cs.cmu.edu/second-order-texture
https://imaging.cs.cmu.edu/second-order-texture
https://imaging.cs.cmu.edu/second-order-texture
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ref. (active) ‘ 10 nm 25 nm 48 nm 100 nm no filter
letter

absolute error: low
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Figure 21: Validation of the 7 metric using RMSE. (scenes captured indoors). For
the reference depth map, a projector was used to illuminate the scene with a fine
checkerboard pattern to create artificial texture.
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Table 2: Spectral filters we use for experiments.

filter model  center wavelength (nm) full-width half-max (FWHM) (nm)

EO #65-216 532 10
EO #84-115 534 25
EO #67-045 534.5 48
EO #33-331 550 100

C.2 Validation of z-score-based metric with active DFF reference

Figure shows comparisons with a reference from active DFF—a projector
illuminates the scene with a high-frequency pattern to create artificial texture.
We compute RMSE relative to this reference depth, excluding pixels with low-
confidence reference.

We observe: 1. RMSE decreases as spectral bandwidth narrows, validating our
theory. 2. RMSE is strongly correlated with our 1 metric (fraction of unrecovered
pixels). This strong correlation is expected: From DFF theory |9} 68], wrong depth
estimates with high z-score are extremely unlikely (a patch that, when out of focus,
serendipitously has far higher noise than at other focus settings). Essentially
all wrong depth estimates arise from flat focus-measure curves (low texture or
high noise), and hence have low z-score. Therefore, our 1 metric quantifies DFF
performance as accurately as RMSE, while being much more practical for outdoor
experiments. Capturing active DFF for reference is challenging under sunlight.

D Implementation details

We provide details for simulations and experiments in the main paper and
supplement.

D.1 Capture setup

Our setup comprises only off-the-shelf com- Bl lcns
ponents for standard depth from focus. We ; ontroller §
use a machine vision camera (FLIR Black-
Fly S BFS-U3-122S6M-C) with a monochro-
matic sensor (Sony IMX304, 1.4cm diago-
nal, 3.5 um pixel pitch, 12 bits). The camera
provides access to RAW measurements. We ; .
equip the camera with an electronic lens [Eilgoe e & photographic
mount (ISSI Canon EF lens controller) for [JRHINS lens
programmatic focus and aperture control, Figure 22: CaI;ture setup.
and a photographic lens (Canon EF-S 60mm /2.8 Macro USM) for imaging.
We use standard filter rings and an optical filter wheel to mount and easily
rotate filters at the front of the lens. Lastly, we use narrowband spectral filters of
2inch diameter (Edmund Optics, different FWHM bandwidths, center wavelength
~ 530 nm). Figure [22| shows a photograph, and Table |2 lists all filters we use in
our experiments.
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Algorithm 1 Depth recovery using single-step aggregation.

SN
: procedure SINGLESTEPDFF({I]'} )
=1

1

2 for j € {1,...,J} do

3 R LocarLFM(I;) > focus measure stack
4 E? < "c? * 0o aga > Gaussian kernel aggregation
5: end for

6: J*(P) + argmax; (D)

7 d < INTERPDEPTH(C?, 5*)

8 & « Zscorg(¢?, %) > pixel-wise z-scores
9 return d, &

10: end procedure

11: procedure LocaLFM(I;)

12: return % > normalized squared Laplacian
j*Usxs
13: end procedure

Sk

14: procedure ZsSCORE(c?, j*)
15 (7)) = median, & (ﬁ)

16: MAD(P) = medlan1| (P) — Gea(D)]
~2 ~2
17: return % > pixel-wise robust z-score

18: end procedure

D.2 Depth recovery algorithms

Algorithms [T] and [2] detail the methods we use in § [6] for recovering depth from a
focal stack. Algorithm [I] performs one aggregation over a patch of fixed size to
compute a Laplacian-based focus measure. Algorithm [2]is a pixel-adaptive variant:
At each pixel, it performs multiple consecutive aggregations—each progressively
increasing the effective patch size—until the robust z-score at that pixel reaches
a certain threshold. Thus this algorithm varies per-pixel patch size to adapt to
areas of different texture contrast. In both algorithms, the routine INTERPDEPTH
uses three-point Gaussian interpolation of the focus measure to determine a peak
dithered between focus indices [9].

D.3 Monte Carlo simulation

Our Monte Carlo simulation is a direct implementation of the description of
second-order texture in Appendix [F] and the full noise model in Appendix [G}
Below, we explain the sequence of steps alongside implementation details and
references to corresponding equations in the supplement and main text. We use a
pseudorandom number generator for all sampling steps. Algorithm [3] summarizes
the full Monte Carlo pipeline.

1. We simulate a surface that is fronto-parallel to the camera. We model its
texture using the blurred outgoing radiance £(49(q,,) (Equation ) as
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Algorithm 2 Pixel-adaptive depth recovery using progressive aggregation.

1: procedure PIXELADAPTIVEDFF({TJ}{ 1,.§th)

2 &(P) + 1;d(P) «+ NaN; x(p) « fal;e > init. z-scores, depth, completion
3 <0

4 for j€{1,...,J} do

5: &2 « LocaLFM(T;) b init. focus measure stack
6 end for

7 while | < lmax and —all(x) do

8: for je{1,...,J} do

9: €3 <~ WEIGHTEDAGGSTEP (T3, &)

10: end for

11: J*(P) + argmax; ¢;(P)

12: € + ZSCoRrg(S?, 5%) > update pixel-wise z-scores
13: Xnew < & > En A DX

14: d[Xnew] + INTERPDEPTH(S?, 5*)[Xnew]

15: X X V Xnew

16: l+1+1

17: end while

18: return d

19: end procedure
20: procedure WEIGHTEDAGGSTEP(C7, )

~2

21: return [(%;fgﬂ > z-score weighted aggregation
22: end procedure '

a two-dimensional grid of spacing 4;, where {¢,,} is the set of grid centers
(based on Proposition 10| in Appendix [F)).

. . —(4) .
We consider first-order textureless appearance, i.e., E( ) is constant across
. . - —(4
grid locations, or /{22( a) = /{% = 0. Additionally, we assume that ﬁ( ) at each
location is proportional to spectral bandwidth Ay according to Equation ([159)),

to model brightness attenuation due to narrowing bandwidth; thus: Z(Ai =
(Z(Ai))ol‘iggpAk, where (Z(A )
filtering.

We sample each cell of the coherence area grid independently from a Gamma
distribution according to Proposition We report related parameters in
Table Bal

We compute the irradiance reaching the sensor at the in-focus setting according
to the discrete convolution of the PSF P, with the outgoing radiance grid
L4)(F,,) in Equation (77). We model the PSF as a discrete Gaussian kernel
with standard deviation 4c/2 as in Equation (113)). We compute the in-focus
PSF width in object space using Equation (|13]). We scale the irradiance at
the sensor by a factor o< m?/N2, to model how the energy reaching the sensor

i))orig is the original value of Z( without spectral
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Algorithm 3 Monte Carlo focus measure sampler

default parameters g, opre, Opost €tc. from Tables
Pixel resolution H x W.

1: procedure MCFMSAMPLER (A, t)

2 £ gp Ak glAvene) > Equation 1)
3 L(A‘>(71'm) — Gamma(M, %) > Equation 1)
4: By < PSFBLUR(L®Y)

5: L¢(7) + SENSORREADOUT(Es, t)

6 & (P) + SAMPLECONTRASTFM (I;¢) > in-focus sample
7 C2.¢(P) < SAMPLECONTRASTF M (pu1 - ones(H, W)) > out of focus sample
8 return ¢%, 2.,

9: end procedure

10: procedure PSFBLUR(L(4V)

11: B(7) < X, APP(T — Tm) LA (Tom) > Equation

12: return E

13: end procedure

14: procedure SENSORREADOUT(E, )

15: ®(P) « E(p) - A2 > sample irradiance coarsely at pixel resolution

16: P + Poisson ((¢(® + D)t)

170 Zpre < N(0,0000); Zpost + N (0,070st)

18:  I(P) « min(|Y/g(min(P, Prasx) + Zore) + Zpost | ; Imax) > Equation

19: return 1

20: end procedure

21: procedure SAMPLECONTRASTFM(I)

22: return ;—22 > Equation

23: end procedure
through the lens varies as a function of m and N. We report related parameters
in Table

5. We sum the resulting irradiance grid E( 7 )—now mapped to image space—over
the pixel area A, x A, to get the flux ®(7) at each pixel at the camera’s
resolution.

6. Given the flux at each pixel, we use the full noise model of Equation (120]) to
sample the noisy intensity T( D) at each pixel. We report related parameters
in Table Bd

7. Given the noisy intensity measurements, we compute the focus measure ¢2
(§3) for a square-shaped patch of size vT x VT (5 x 5) centered at the pixel
of interest.

8. We repeat this process multiple times to obtain Monte-Carlo estimates of

Pr(?;?f > ?:Qoof), for different values of Ay and ¢t. We plot these estimates in

Figure [
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Table 3: Parameters for Monte Carlo simulation in Figure

(a) Second-order texture parameters. (b) Camera lens settings.
parameter value description parameter value description
or 3um RMS height of surface m 0.01 reproduction ratio
AV 12pm width of coherence cell grid N 7 f-number
A 532nm central wavelength

(c) Camera sensor parameters.

parameter  value description
g 10e~ /DN sensor gain
Opre 10e™ pre-amp noise variance
Opost 15DN post-amp noise variance
logs (Imax) 12 ADC bit depth
v 0.4 quantum efficiency
D 1.0e7 /s dark current
Prax  35000e™ full-well capacity

Ap 3.45 pm pixel pitch
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E Appearance model for second-order texture

We present a derivation of Proposition [4] consistent with physical-optics princi-
ples for an explicit micro-geometry of the surface, mapping wave quantities to
conventional radiometric quantities used in computer vision. We then explain
how traditional BRDF-based image formation models used in computer vision
are a first-order abstraction of appearance based on the statistics of the surface
heightfield, and then quantify the strength of second-order texture in Appendix [F]
Our formulations largely follow Goodman [46], Sections 5.8 & 6.3] and Steinberg
and Yan [62].

E.1 Incident illumination model

Consider the 2D plane macroscopically tangent to the surface of the object at the
point of interest with macroscopic outward normal 7 (Figure . At any point
7 € R? in this plane, we model the incoming illumination as consisting of a
superposition of monochromatic plane waves of varying direction and wavelength:

v = [ G(@, K)o 7 dor(i) dk (23)
keRtJH2(n)

Here, @ is the outward unit vector antiparallel to the direction of the incoming

plane wave, k = 27/x represents its (angular) wavenumber, and

H> () = {w e R @] =1, -7 >0} (24)

is the upper-half space of valid outward incident direction vectors. @y, is the
component of & parallel to the plane, i.e., © = [Ugy, w.n].

In the context of computer vision with direct and indirect illumination, one
may consider these plane waves to have been generated by a variety of light
sources in the scene. The amplitude of these plane waves (@, k) are modeled to
be a result of the random process {G : H?(7) x Rt — C} (Units:[W%5 /sr]). Any
observable radiometric quantity such as irradiance or intensity is to be computed
by averaging the result over this ensemble. [71]

Mutual incoherence assumption. We assume these plane waves to be mutually
incoherent, i.e. G(&, k) are uncorrelated for any non-identical pair (@, k), that is,

(G (@1, k1)G" (Wa, k2)) = Ri(W1, k1)0k (k1 — k2)de (w1 — ©2) (25)

Here, (-) represents an averageﬂ over the ensemble G, and R;(w1, k1) equals the
foreshortened radiance

Ri(o, k) = L@, K)(@ - ). (26)
Li(@, k) (Units:[Wm~'sr™!]) is the incoming spectral radiance environment
map introduced in § @] The assumption of mutual incoherence allows us make

7 We use the symbol (-) to distinguish it from expectations over texture and heightfields,
for which we reserve E[-] as used in the main text.
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a correspondence between plane wave amplitudes with incoming radiance as
defined in radiometry. In addition, we assume the environment map is separable
in k and @, i.e. Li(@, k) = 4i(k) - Li(®), where the normalized spectral profile is
4;(k), which integrates to unity.

The above is a suitable model for real-world ambient illumination, where
plane waves from different incident directions due to a variety of far-field light
sources (e.g. sun, lamps, ceiling lamps, indirect reflections) and wavenumbers
are statistically uncorrelated due to randomness of the emission process at each
point on the light source(s). By considering the plane-wave amplitudes G to be
position-independent, we have thus described an environment lighting model.
This is sufficient for our purposes since we only seek to describe the scattering
interaction with the surface in the local neighborhood at the point of interest.

We re-express the complex incident field created by the superposition of these
plane waves (Equation (23)) as

Ui(7) = / UL(7, k) dk (27)
Ui(p, k) =/ng(w,k)eik@w?da(w) (28)

Example: incident irradiance. We now provide a simple example of computing
an observable radiometric quantity using the above illumination model. The
incident irradiance (Units:[W m~2]) at a point on the local 2D plane is given by
the average magnitude-squared of the incident field:[72]

E(7) = (JU(7)*) (29)
— [ {uz o) ak (30)
R+

- / By(7, k) dk. (31)
R+

The cross-terms vanish since G(+, -) is uncorrelated for non-identical wavenumbers.
We now similarly expand the spectral density of incident irradiance E;(7, k) for
wavenumber k, as (Units:[Wm™!])

Ei(7,k) = (U7, K1) (32)

- <‘U1( ’
:/ / A<g(@1,k)g*(®27k))ejkﬁ'(a’”’l*w’”y'z)da(@l)do(djg) (33)
H2(7)J H2 (R)
60 [ L@@ 1) o) (34)
H2(R)

which is independent of position 7, as expected, since we use an environment
map. Hence, we can drop the position dependence and use E;(k) and E; instead.
In summary, thanks to the assumption of mutual incoherence of the incident
plane waves, the above example illustrates that for the computation of observable
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radiometric quantities, we can consider the effect of each incident plane wave
(w, k) independently of others (using L;(@, k)) and then sum up their contributions
linearly.

E.2 Coherence function of the incident illumination

Before proceeding to compute the scattered field and irradiance on the sensor of

the camera, we introduce the following definition (Equation @[) in main text):
Definition 8: Coherence Function

We define the coherence function A;(-) of the illumination environment map
Li(-) as its projected Fourier transform:

Ai(pik) = /H Z(A)Li(@)(d)~ﬁ)ejk@“"ﬁda(dz) (35)
k2 . P R R
Li@) = g3 [ M@k T A, & e W) (36)

It is easily shown using the results of the previous section that the coherence
function represents the two-point correlation of the incident field U;(+, k), where
the Fourier variable g represents the separation between these two points

Ai(p1 — P2, k) = (Ui(p1, k)UL (P2, k) (37)

Observe that by definition, /li((.f7 k:) = Ei(k)/e; (k).
Example: Gaussian environment lighting. As a concrete example, consider
the following lighting conﬁguratiorﬂ

Wy — {20y
242

’ 2

Li(w) =Lyexp (38)

The angular distribution of radiance is a Gaussian lobe (when projected onto the
x-y plane) centered at (2., with (projected) angular spread 2A4,, and peak value
Ly

The corresponding coherence function (Fourier dual of lighting) according to
Definition [§]is given by

_ A2k LA =
A(7:k) = 2mA2L, exp(—2|| 7 |2) exp(ik 2y - 7) (39)
_ Ei(k) I71” T
AT exp <— 242 exp(ﬂm()wy- p) (40)

8 Readers with a background in optics may recognize this as a form of the van-Cittert
Zernike theorem.

9 The projected Gaussian here is technically truncated at ||@.y || < 1. We consider the
width A, to be sufficiently small such that the truncation effect is negligible.
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where A; = 1/kA,, is the spatial coherence length, a measure of how quickly
the magnitude of field correlation (coherence) decreases with separation, and
Ei(k) = 2w A2L,4i(k) is the spectral density of incident irradiance at the surface.
We will use the above example in Appendix [F] to prove Proposition [f] from the
main text.

E.3 Scattering and Measurement

Our goal now is to express the irradiance measured at a point on the camera
sensor given the incident environment map L;(w)¢;(k) and the surface heightfield
h(-), which together (along with the camera lens) determine the scattered field
reaching the camera sensor. For a given point on the camera sensor, consider p
as the point on the tangent plane it is mapped to via pinhole projection (center
of the lens aperture). The viewing angle of the camera for point p is ¥ (refer
Figure [3).

Roughness model. We characterize the roughness of the random heightfield
h using the standard deviation o, = y/var(h(7)) and correlation length A,
(corr(h(Z),h(y)) = 0if || — ¥ || > A;). We consider 1. o, comparable to wave-
length, 2. A, smaller than the spatial coherence length A;. The same conditions
underlie standard BRDF models for optically rough surfaces [64H66]. Thus in
practice, they are satisfied by any surface not optically smooth (i.e., near-specular)
at visible wavelengths. The surface roughness conditions are also spelt out in
Goodman [46], §5.10]

Scattering integral. For a single incident plane wave G(&, k)el**'T | the scattered
wave reaching the camera sensor is given by

Us(F:k, &) = G(@, k) - (B k(0 + @) (41)
where we have defined the scattering integral [40, [73]

F(Fik @) = | Ko(F — B)s(Fik,un)e T 7 df (42)
RZ

where Kc(+) is the coherent spread function (CSF) of the camera describing the
complex field impulse response of the camera lens at the depth of the surface
(assumed fronto-parallel to the camera), and s(7;k,u.) = 1(7, k)elF=2(7) as
introduced in Definition 3l The reflection coefficient r(g, k) is a slowly varying
(compared to h) non-negative factor that models the spatially-varying spec-
tral albedo of the surface. Note that s(+; k,u.) is a random signal through its
dependence on the heightfield h(-). This therefore results in the total field

U= [ [ 68 Bk + 0 ot ak (43)

Measured irradiance. The irradiance reaching the sensor is the average mean-
squared of the field reaching the sensor, i.e.

E(F) = (IU(F)) (44)

=/ / G(R)Li(@) (@ - 7) (B k, 6 +o)| do@)de  (45)
keRT JOeH2(n)
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following a simplification similar to the example of incident irradiance in Ap-
pendix [E-I] based on the mutual incoherence assumption.

To obtain the irradiance measured by the camera sensor, we must weight the
spectral integration by the sensor spectral sensitivity function w(k):

BF) = | weB (BT, ) dk (16)

defining

BER = [ L@@

We therefore have the following proposition:

Proposition 9: Measured Sensor Irradiance (Exact)

B(7) = | welbR)BF ) d (43)
E(7.k) /HQ(A)Li(a)(a-ﬁ) F(T;k, 0+ &) Qdcr(d;) (49)

E.4 Approximating measured irradiance

To arrive at Proposition [4] in the form of a simple linear system, we now make
two simplifying approximations.

Approximation 1: Mean z-component approximation. We now make a
standard implicit approximation used in similar derivations [65] [66]. Consider the
scattering integral Equation . The phase term s(7; ku,) = e*=2(7) varies
with incident direction @, since @ = & + ¢ in Equation , preventing an
interpretation of F as a Fourier transform.

If we consider an illumination environment map similar to Equation
where the incident illumination is relatively concentrated around a peak direction
2 with z-component (2., then the variation in the z-component of the incident
direction w, across the environment map is small, i.e. w, = (2, for all ©@ with
significant contribution. Formally, the approximation is stated as:

(h(p1) —h(p2)Au, <X Vo1, p2 (50)

This gives us the following approximate form for the scattering integral:

F(7: k) ~ / Ko(F — 7)s(7: b, w.)el* Tov 7 dp (51)
R2

using s(7; k, ) = el¥%=1(7) with the mean direction z-component %, = 2, + v,.
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Using this approximate form, we expand the squared magnitude term in

Equation as

FEwn| ~ [ [ KT - FOKIE - Ba)s(Fri k) (Faik)
R2 JR2

(52)
Ak Cay (F1—72) d(71)d(72)
Using a change of variables
—  P1+ D2
=7
-~ T 53
— P1— P2 ( )
T =
2
we have
Fka| = [ [ K@ TKG - 7T
Rz JR2
s(q+ 75 k,u,)s" (¢ — 75k, 1) (54)
R ey 2T 477 dq
Using S(¢, 7; k, @) from Definition
S(q, 7k, w.) =s(q + 7 k,u.)s"(q§ — 73k, ) (55)

and plugging the above into Equation , we have an approximate expression

~4// q-T)K(P—q+7)
]R2 ]R2

7 ku,)
{/Hzm) Li(@)(@ - et @7 da(@)}

M= CT) 47 A

(56)

Identifying the term in square brackets as the coherence function A;(27; k) from
Definition [§] we have

7 ~4// (F-T-TK(F-T+7
r2 JR2 JKe( ) (57)
S(q, 75 ku ) A (27 k)elFo=v CT) A7 dq

At this point, we bring to attention the definitions of L, from Definition

L(@oR= [ 8@oreRL@e D@,
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and Definition

(T8 = [ ST k)t T T, (zep.
RQ
where A, with dimensions of area, is a constant inversely proportional to the
amount of light collection by the lens aperture, scaling as A oc Néi/am? (the
proportionality absorbs the area scale set by the CSF, which cancels in all
downstream results). The effective (sensor-side) f-number Neg = N(1 4+ m), N
being the f-number of the camera (refer Appendix
With the definition of the coherence function in Definition [§8] and using the
same mean-z-component approximation already used for the scattering integral
F, we can write L,(¢, 0, k) approximately as
Lo(0.K) ~ 5 [ ST, Tk a) AT R I ar  (58)
Rz
Approximation 2: Weak-coherence approximation. For typical ambient-
lighting conditions, the coherence function (e.g. Equation ) will have small
width A; = 1/ka,,. As long as 4; is small relative to the width of the CSF K, (-),
we can approximate the CSF to be constant within the area of the support of Aj,
resulting in the expression (from Equation and Equation ):

B(FR) % [ Po(F = T)La(7.0.0)47 (59)

where the normalized PSF (integrates to unity) of the camera P.(7) = Né/m2|K(7)]

Combining the above with Equation , we have

B~ [ web®) [ PF - D70 0T (o)

thus proving Proposition [
E.5 Ensemble averaging

The BRDF defined in Stam [65] can be equivalently stated using our notation as
the (normalized) power spectral density of the scattering function s:

— Pk 4y), (61)
2
] , (62)

where A is the illuminated surface area and P; is the power spectral density of
s (the Fourier transform of its spatial autocorrelation, by the Wiener—Khinchin
theorem). The 1/4 normalization makes the BRDF independent of the illuminated
area (a per-unit-area surface property). For this section, we are considering a

2
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surface where the BRDF is constant (as indicated by the expression). The BRDF
is proportional to the expected value of the squared magnitude of the absolute-
squared fourier transform of s(7; k, u,) over an ensemble of surface heightfield
realizations. It is_almost the mean of the absolute-square of the scattering integral
F in Equation , except for the camera lens CSF term K. (-).

The expression for irradiance in our model depends on the particular realiza-
tion of the surface heightfield h(-) through the sample BRDF f!. We first prove
Proposition [f}—that the ensemble mean of the sample BRDF is the traditional
BRDF—and then use the exact model to show how the finite-aperture CSF
relates the two.

Proof of Proposition If we compute the mean of our sample BRDF
(G, u, k) from Definition [3| over an ensemble of surface heightfield realiza-
tions, we have

— 1 = T 2T =
B[(7, T 0] = [ BulS(7, 7 k)T a7 (63)
R
1

== | Eu[s(q + 7k, us)s* (G — T3k, us)| ¥ =027 A7 (64)

This step requires only wide-sense stationarity of s (equivalently, of the heightfield
h): the correlation En[s(q + 7)s*(¢ — 7)] is then the autocorrelation of s at
separation 27, independent of the center T]’E Substituting 5 = 27 (Jacobian
47 =11 d7),

T 14

1

44
identifying the Fourier transform of the autocorrelation with the power spectral

density P, (Wiener-Khinchin). Comparing with the definition of f,, we obtain
(Proposition

. 1 . Y s
Ex [£(4, @, k)] —/2Eh[s(p'+ Bk, us)s (7' kyus) T 7 A5 (65)
R

Po(kT 2y), (66)

(T, 0+, k) =B, [f(q, 0 + 9, k)] (67)

The traditional BRDF as the pinhole limit. If we consider the expected
value of the irradiance in Equation from the exact model (Proposition E[),
we obtain

I R R P R

} —E, ] (69)

10 We adopt the stronger ergodicity assumption in Proposition as it is the conventional
condition invoked for optically rough surfaces [46]; it implies wide-sense stationarity,
which is all the argument here uses.

Eh[\ﬁ@;kz,ﬁw)

/ Ke(F — 7)s(7: by us) ¥ Tov a7
R2
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If we consider the case of a pinhole camera, then K.(-) has infinite extent and

is constant across the surface, so it factors out of ﬁ, leaving the plain Fourier
transform of s that defines the traditional BRDEF:

~ 2
E, UF@; ko + &) ] x By

/ s(73k,uz)el* v 7 A
A

2
‘| X ’Ps(kﬂ.azy) 08 fr(?ja Ha k)a
(70)

recovering the traditional BRDF-based rendering equation. The two agree only
in this pinhole limit: the traditional BRDF omits the camera’s coherent spread
function K., whereas our exact model retains it. For any finite aperture the CSF
remains inside F and our model departs from the traditional BRDF—precisely
the regime in which defocus and second-order texture (subjective speckle) arise.
Our model thus generalizes the traditional BRDF to finite-aperture imaging of
unresolved microgeometry.

F Characterization of second-order texture

In this section, we use the appearance model derived in the previous section to
prove Proposition [f]in the main text, characterizing the distribution of irradiance
through k2.

Equation can be approximated as:

E(7.k)~ > EY), where (71)
m
Egréz) (k) = €2PC(I; - ij)‘c(é)(ijv k)a (72)
LO(F k) = / Gul(@ — T)Lo(T 0, k) AT (73)
R?

defining £(9)(-, k) as the (blurred) local average of outgoing radiance L (-, 9, k)
using a normalized Gaussian kernel in R? of width e centered at @,

— — 2
CT ~ T) = exp<_2”€f— in ) (74)
€ m * 7]'62 2 i

€

with {G,,} forming a rectangular grid of spacing € in R?. In the limit of € — 0,
Equation becomes an exact equality with Equation . This approximation
is suitable when ¢ is smaller than the width of the PSF A..

Our objective now is to model the distribution of E(7, k). To do this, we
consider the approximation above using the specific grid spacing of ¢ = A;.
In Appendix we show that considering the Gaussian environment lighting
model in Equations 7 with spatial coherence length A;, £(4) (7, k) can
be modeled as an exponential random variable:

LG k) | T2 (G, k) ~ Bxpo(Y2(4) (7.8), (75)
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. . —(4;
with mean equal to its first-order (ensemble-averaged) counterpart, £( )

Ey [£(49) (-, k)]. More explicitly in terms of the (first-order) BRDF:

(7k) =

—(4)

2@ = [ 67 - /H By [f2(7, 2, 6, k) Li(@)(@ - 7) dor (@) d 7

2(h)
(76)

We can also consider £(4) (7, k) and E(A‘)(E'j,k) are independent for i # j
since they correspond to (mostly) non-overlapping microstructure regions on the
surface (and the correlation length of the heightfield is smaller than A;). We can
now approximate Equation @ as:

E(P)~ Y AP(F — §m)LP)(Trn),  where (77)

LE(q) = [ LY9(F, kywe(k)éi(k) dk (78)
R+
While £(4)(G,,, k) are independen across the grid locations ¢,,, they are
not independent across wavenumbers k for a fixed m, i.e. £(4)(q,,, k) and
L(A) (G, k2) are not independent as they are both directly dependent on the
local surface structure in the neighborhood of ¢ ,,,. Considering two wavenumbers
k1, ko they may be correlated or uncorrelated depending on the distribution from
which the surface heightfield h is sampled.
Consider that the normalized spectral envelope of the light reaching the
camera

we (k)i (k)

k) = T Y ()

(79)

has a gaussian form

k—k)
fo(k) = \/%Ak exp <_(2A%)> (80)

with bandwidth A; and mean wavenumber k. Goodman [46] show that for a
Gaussian-distributed heightfield, Gaussian correlation function, and a Gaus-
sian spectral profile, the number of uncorrelated spectral buckets for a given
wavenumber bandwidth Ay is given by

A 2 . 2
e s (2)(2) =0 o

where Gy = 2v/27(o:/k), thereby allowing us to approximately model the integral
over wavenumber in Equation as a sum of M uncorrelated exponential
random variables.

11 conditioned on their first order means, see Appendix
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The conditional distribution of £(49) () can therefore be approximated as a
Gamma distribution with shape parameter M:

(A M
N‘i)(w|£<A"<am>~Gamma<M’m- > (52)
i) —
L7 (qm)
where we similarly define
—(4i) , — —(41) -
L9(q) = | TG kywe(k)ti(k) dk (83)

R+

Proposition 10: Model for second-order texture

The irradiance at point P can be approximately modeled as

242 (F - Tm) L2 (Tm) (84)

where the (blurred) outgoing radiance at grid locations ¢, with spacing 4;
can be modeled as Gamma-distributed random variables

= —(A) - M
£A)(Gy) | ’(qm>~Gamma<Ma<Ai>>- (85)

We correspondingly define a first-order counterpart of the approximate irradi-
ance

— - = \#(A)
)2 Y A2PU(F — )L (G) (6)
Using the above model, we show in Appendix that k% can be written as
2 1 ( + ) + (87)
HE = MQ K,C(A ) I‘if

— — (A
where the respective coefficients of variation for E and E( )

VIE@®)] (88)

=LY
—(4Ai) —
Kooy = V[ﬁmi) (:Im)L (89)
E{‘C (QW)}

If we further assume that first-order texture is independent across the grid
locations G, (i.e. E(¢,) are independent across ¢ ,,), then we can write K% =
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é/{%( a5)7 resulting in the simplified expression
1 1
2 _ 2
1 2
=310 — (14 Qr% ) (91)

thus proving Proposition [6]
F.1 Proof of exponential distribution

Plugging Equation into Equation , we have

1 o .
LG k) = 1 GG — T)S(T, T k) A (27, k)e* 0w CT) a7 g, (92)
]R2 R2
l7—7'11”
20— jkDgy - (27)
27, k)ekbey
7TA62 /Rz /R? ( k) ( " k) d dq
(93)

To proceed we consider the special case of the coherence function for Gaussian
environment lighting (Equations 7):

—12
A2, k) = Es(k) exp ( ”;;'2' ) exp(jkf):cy : 27’) (94)

Using a change of variables {1 = ¢ + 7, 2= ¢ — T, we have

2| 77|
2 &2

mAe?

72 A Vy2al T N —
/ /S tl, Pl 2T Az 2 ejk(vmy+gmy).tl
R2 JR2
A < 1 1 > 29’ %y
— S (hr L )42 2 e e 7
2 €2 2 2 — - zy )*
s (t2,k)e A ¢ 3h(0y+Qay)- T

- (1 1 - -
eXp(—tl't2<62—A2))dt1dt2 (95)

The integrand above is separable in t1 and t 4 except for the cross-term in the
last exponential above. Setting € = A;, the cross-term in the exponential vanishes,
and the above integral then simplifies to

LG, k) =Ei(k)

Eer P
LEAN(G k)= 232{2 /s(t,k)e a7 (Pt 2a) T g7 (96)
27rAi2 N ik (ay+2uy) T I
= E;(k) " G\/EAi(t —-7q )S(t,k')eJ ey T ey )T q ¢ (97)
]R2
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Without ensemble averaging over the distribution of surface heightfields, the
above corresponds to speckle with a Gaussian window of width v/2A; around
¢’ on the surface. Since it is a magnitude-squared of a sum of a large number
of independent complex random variables (considering correlation length of the
height field is sufficiently small relative to 4;), we can argue (as in Goodman [46])
that the real and imaginary parts of the integral are therefore normally distributed
random variables (by central limit theorem), thereby making the blurred spectral
density of outgoing radiance £(4) (G’ k) exponentially distributed.

F.2 Spatial integration

From Equation ([77]) we have the conditional mean of irradiance given the first-

order blurred outgoing radiance Z(Ai)(ﬁ) as:
—\ | (A - — ) — —(4;) , —
E[E(F) | 2] =3 427 = Tu)E[£@) (@) |12 (@0)]  (98)
— - A;)  —
=N AP~ )L () (99)
— o\ A(A) >
z/ P(7 - P)L (7) a7 (100)
And the marginal mean of irradiance as (using ergodicity):
— - - —=(4i) - —
E[E(D)] = /]Rz Pe(P — 7)En [ﬁ (p)] dp. (101)
= H“E(Ai) = HE (102)

since the PSF integrates to unity. The conditional variance

V{E | Z(Ai)} -V

> (A7Pe(F - m)t“”mﬂ (103)

m

= Y (APPe(F — G) V[ | 2] oy

= Z(A?Pc(ﬁ_ ?],m))2(]w (105)

—

—_— - A‘ . .
using conditional independence of £(4) (G ,,) | ' )(qm) across grid locations.
Therefore the marginal variance of irradiance is given by

VI[E] = V[]E [E | Z(A*)H +E [V[E | Z‘A‘)H (106)

The first term

V[]E[E | Z(A*)H -V

> AP(F - mc“‘)(am)] (107)

=V[E(P)] (108)
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Further simplification isn’t possible without information about the correlation
CAT I . . .
structure of first-order texture £ (¢ ,,) across grid locations, which are not

necessarily independent. We will therefore leave it as is. The second term

2 (Z(Ai)(?fm))z

—=(44) -~ =
E[V[E|Z™]] =E| Y (A2Pu(F - T)) - (109)
_ 1 2 (= = W2 | (7D = 1)
- 37 (AR F 7)) B | (E V)| )
_rl(7an?] 4f 2p (= = N2
—=| ()] 5 S 47 - 7 (111)
~ <A1)2A?/ .
~5|(c)] 5 [ o7 -7 ap (112)
Taking the PSF to be a Gaussian of width A, (with parameter A./2) centered
at p,
2 -7l
Po(p —7)= A2 exp <_2A§”> (113)
[ edm-m a5 - (1)
R? c\p P p = WAE
and thus the pointwise marginal variance of irradiance
_ 1 [ A2 —(A)) 2 .
V@) = 7 (5 B[ (€) ] + vE®) (115)
L (AN, (4 =
_ M(mg) (12 sy + V[E) + VIEG)] (116)
Therefore the coefficient of variation of irradiance is given by
VIE(p
KE = VEE®)] (f)g (117)
E[E(P)]
—=(4) _
Y P R s
M 2 (A2 2
M\ mA2 E{E(A,)} E[B]
_ 1 2 2
= 310 (1+r20a) ) + 2 (119)

since pup = E[E(ﬁ)} = E[Z(Ai)} = [ ,(a;), and defining Q = ﬂf_; as the effective

number of coherence areas contributing to the irradiance at a sensor point through
the PSF.
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G Noise model

The (noisy) intensity 1 (in DN, Digital Numbers) recorded by the sensor given
an incident flux ® [W] is modeled as follows

,f(ﬁ) = HllIl( Ll/g(min(P, Pmax) + Zpre) + ZpostJ 7Imax)
P | ® ~ Poisson ((¢(® + D)t)
Zpre ™ ]\/(O,Ugm)7 [e_]
Zpos () ~ N (0,02,,),  [DN] (120)

v R
§:E, [photoe J 1]
hCo
K=—
©

where, Ppax is the full-well capacity of the pixel (in electrons), Ijax is the
maximum ADC value (in DN), /g is the gain factor (in [DN/e~]) determined by
the ISO setting, v is the quantum efficiency, D is the dark current (in [e’sfl} ),
t is the exposure time (in [s]), Zpre is the pre-amplifier read noise (in electrons),
and Zpest is the post-amplifier read noise (in DN) separate from noise due to
ADC quantization. Parameters of the above noise model used for our numerical
studies for Figure [7] are specified in Table

Simplifying assumptions for analysis. For analytical tractability of (noisy)
focus measure statistics, we make the following simplifying assumptions:

1. We operate in a regime where saturation effects (full-well and ADC) can be
neglected.

2. We ignore quantization effects, i.e., we consider I to be a continuous random
variable.

3. We consider dark current to be negligible, i.e., D =~ 0.

Resulting in the simplified model:

T(ﬁ) = 1/9(P + Zprc) + Zpost

) (121)
P | ® ~ Poisson ((Pt)

Under the above assumptions, we define the noise-free intensity I as the conditional
mean of I given the incident flux ®:

I= IEF\ @} - %cb (122)
T T 1 2 2
V{I | <1>} - V{I | 1} == [Ct® + 02,.] + 020, (123)
2
— é + Ug";e + 020 (124)
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We may rewrite Equation l) in an additive form, defining n = I-L

I=I+n
. 1 o2 (125)
Vin |1 =V([T|1] = PR R

which is the model described in § 3| (excluding saturation).

4. As a final simplification, we assume the incident irradiance E(7) [W m~2] is
uniform over the pixel area

o= E(F)A2 W] (126)

where Ag is the pixel area (in [mQ] ). This therefore implies the noise-free
intensity is proportional to the incident irradiance as follows:

1= %E(f)’) (127)
_ VA —y-1,.2
B = Kp’ [photoe™J ™ m?| (128)

We may also write the conditional mean and variance of 1 given E as:

E[ﬂ E] _ bty
g (129)
V[T | E] = [BIE + 02] + 020t

We do not make the above assumptions (other than proportionality of flux
to irradiance, Item |4) in our numerical implementation Figure |7, which is im-
plemented according to Equation with practical values chosen for sensor
parameters including full-well capacity, dark current etc., that can be found
in Table Further details of the numerical implementation can be found in

Appendix D3]
H Depth from focus analysis

As described in §[3] given pixel intensity measurements in a patch Pp of T' pixels,
the squared sample coeflicient of variation focus measure

/é-/z —
&(P) = J(]i), (130)
m;(p)
is computed from the sample variance and sample mean of patch intensities,
~ 1 =
m(7) =7 Y L(F), (131)
P'EPT(P)
2= 1 T. (= =)
) = > (L) -m(P) (132)
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The noise-free focus measure c? is defined similarly :

() = (7))’ (133)

) =y 3 L) - (7)) (134)
p'EPr (D

m, (F) = ;ﬁ/eP (ﬁ)lj(ﬁl)’ (135)

For the purposes of analysis, we also define a normalized version of the sample
variance

%

~—

C2(F) = ff’ (136)
T
C(P) = ;L;f (137)

~

»n

where yy = E[I] = E m is the marginal mean of intensities over the patch. This

normalized sample variance is distinct from the actual focus measure defined
above (and not directly measureable exactly). For analytical tractability, we

study the statistics of C2 instead of 2, to approximately characterize 2.

H.1 Statistics of the focus measure

Given the simplified sensor noise model in Equation (125]), we can denote the
pointwise marginal mean and variance of measured (noisy) pixel intensity I as

pz =E M . (138)

2
- o=,
o2 = VM =02+ % o 02 st (139)

where the marginal mean and variance of true intensities (as a consequence of
assuming uniform irradiance over the pixel area, Equation (127)) are given by

pr = E[l] = e (140)
2t2
g
and as a consequence of this assumption,
2 2
2. 91 9E 2
K= —%5 = —% =K (142)
T T
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We can now write the coefficient of variation of noisy intensity as

=Kk} + K2 (143)

:ﬁo ‘ '—'?qm

= Kp + K2 (144)

where we defined in Equation the squared reciprocal of pixel intensity
SNR as the coefficient of variation of noise x2:

2 2
o 1 o
R a7 (rep. B)
1
with the marginal variance of noise n,

2
g
o2 = V[n] = E[V[n | I]] + V[0] = % n gf’;e + 0o (145)

using the conditional variance from Equation (125). The pointwise marginal
distribution of pixel intensity T at each pixel is identical across pixels. We make
the additional assumption that these pixel intensities are independent across
pixelsE Therefore the sample variance of noisy pixel intensities has marginal
statistics:

E [5?] :Vm = o2

= ) (o 129)

T T-1

where 4 is the kurtosis (ratio of fourth moment to squared-variance) of the
marginal distribution of pixel intensities. If the distribution of pixel intensities is
approximated to be to Gaussian, then k4 =~ 3.

Normalizing by u% we then have the marginal statistics of C2:

12 This assumption is technically strictly valid only when the f-number of the camera
is sufficiently small, such that the width of the PSF is smaller than the pixel size
(see Appendix . If the PSF width is too large, then adjacent pixels will have
correlated intensities since they see overlapping regions of the surface. We use this
assumption to simplify the analysis of focus measure statistics.
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Lemma 11: Marginal statistics of C2

[\

P (o=
E[C?] = 2= = +n (146)
I

V[(NJQ] = (m%)Q (/@4 _I= 3) (147)

T-1

=

2
2(2) -
=77 (if Ka ~ 3, effectively I ~ N (u1,07)) (148)

Statistics of focus measure for first-order textureless surface. For a first-order

textureless surface, we have k? = k% = 1/gum, and so we have

o[e] - 3

v[e] :TQ_l{Qﬁwmg}z

H.2 Proof of Proposition

2
+ Ky,

Appendix establishes the mean and variance of C2. We now present a proof
for Proposition [2] characterizing the a-recoverability of a surface from depth
from focus, as defined in Definition [T} N
We indicate the in-focus and out-of-focus normalized sample variances as C%
and C2; respectively, and the corresponding noise-free focus measures as C2 and
Cgof'
1. C% is the value of C? evaluated at the sharpest focus setting of the camera.
2. C2, is the value of C2 evaluated at a focus setting of the camera that
is sufficiently far from the in-focus setting, such that the true noise-free
intensities in the patch are effectively constant (i.e., the texture is completely
blurred out), or I(p) ~ pur. This therefore implies C2 ; = 0.

To proceed, we model (fo and (Njgof in and out of focus to be normally-
distributed random variables, with the mean and variance expressions derived in
Appendix[H1] The conclusions of this analysis are supported by our Monte-Carlo
simulations in Figure [7] thereby justifying the use of this assumption for the
purpose of analytical tractability.

Modeling CZ and C2 ; to be normally-distributed, with the mean and variance
derived in Lemma

_ 2
Ccz NN(K%—FKLEL, Tl(li%-i-ﬁi)Q) (149)

GH N(ni, 2 (@)2) (150)
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In addition, since the out-of-focus intensity variations in égof are purely due

to sensor noise, we can say that C% and C2_; are uncorrelated random variables.
Therefore,

(G4 > C2) =2 i (151)
\/v (2] +v[ez,]
—¢ i (152)
\/ 2] (64 )"+ ()
_s o (153)

\/TQI{(@2 +1)°+ 1}

where @ is the CDF of the standard normal distribution, and we’ve defined 62

in §
6% =L (154)

Lemma 12: Probability of Error

Modeling C2 and C2,; to be normally-distributed, with the mean and variance
derived in Lemma [TT] the probability of error

Pr(é <coof) 1- 2 (155)

\/&{(62 +1)% + 1}

Therefore we have a necessary and sufficient condition for a-recoverability
(Definition [1f) of a surface using depth from focus:

\/ 1-a) (156)
thus proving Proposition [2}

Notice that as © is increased, the LHS saturates to 1/;, which is the

maximum possible value of the argument of the CDF. Therefore, for a fixed value
of T, there is a maximum achievable probability of correct recovery, which is

; T—1
given by @( T)

1+ 92+1
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I Recoverability with second-order texture

In this section, we derive Proposition [7} which characterizes the contrast-SNR
product © as a function of exposure time ¢t and bandwidth Ay, for a first-order
textureless surface. For a first-order textureless surface, we have H% =0, and so
from Proposition [0]

9 1

K{ = o (157)

with M ~ G4, (Equation ) We can similarly expand x2 using the noise

model in Equation .
2
W2 = L (1 + Uread) (158)

e tCra

Spectral filtering reduces the mean flux pug by a factor of v, (described in
Appendix [I.1)), which is a function of the filter bandwidth Ay.

1
_ Mo Ak
/yg /’L% gp ASrC

(159)

where ;9 and pl are the mean flux before and after spectral filtering respectively,
and g, is the peak attenuation of the spectral filter. For sufficiently narrow
spectral filter bandwidth, the effective bandwidth after filtering is approximately
the same as that of the filter, and so we abuse notation and use Ay for both the
spectral filter bandwidth as well as the effective bandwidth after filtering. We
denote the fixed bandwidth of the original (unfiltered) source spectrum by Ag.
(written Ay in Equation ) These are clarified in Appendix
We define

0.
Gy = LA@ Ep (160)

and plugging in (ul = G2Ay into the expression for 2, we have the contrast-

SNR product for a first-order textureless surface as a function of exposure time
and (filter) bandwidth

6% (t, Ak) ~ LGt (161)

Q G (Ho;"ead 1>

Gy Apt

Since bandwidth affects pk, the upper limit of exposure time until saturation
is bandwidth-dependent. A simple notion to model this is to limit the exposure

1
time until p; = Ct%’ = %t equals Tpax.

L glmax
te {O’Ak' Gy ) (162)

thus resulting in Proposition [7]
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I.1 Attenuation due to spectral filtering

Consider the original normalized spectral profile (before spectral filtering) is
denoted as fy(k), as in Equation . Let the attenuation profile of the spectral
filter introduced be g(k). Thus the effective attenuation in irradiance due to the
spectral filter is given by the factor

= / glo(k) b (163)

1.2 Gaussian spectral profile

The spectral profile of various light sources and object reflectance are wide and
varied. However, to build intuition for the effect of spectral mismatch between
the spectral filter and the illumination and reflectance spectrum, we consider a
Gaussian profile for both fy(k) and g(k).

We have previously introduced a Gaussian form for fy in Equation

— .2
1 (k — kg,)
= A exp( 247 ) (164)

The spectral filter has a peak attenuation g,

fo(k)

(k) = exp<—(’“m’“§)> (165)

The effective spectral profile after introducing the spectral filter will also maintain
a Gaussian form,

= \2
fo(k)g(k) =g \/TW;AH exp (—W)} (166)

with effective mean wavenumber and bandwidth given by

_ _ A2 _ A2
ket =k k B 1
"= ar A, A, 1ow
1 1 1
SR R (168)
AgﬂC Agrc Aé

and effective attenuation factor

g = gp— 22 exr>< (ke — ) ) (169)

Par a2\ 2(43.+4Y)

implying a quadratic-exponential attenuation as the filter center frequency Eg
moves away from the original center frequency k,.




38 S. S. Ranganathan, I. Gkioulekas

Narrowband limit. If we consider a spectral filter with a bandwidth Ay < A,
then we can approximate the effective attenuation factor as

— —\2
A fe, — &
Vg A Gp 1 eXPp (—( s) ) (170)

Asrc 2A§rc
which is linear in the filter bandwidth A,. Further, the effective bandwidth
after filtering Acg is approximately the same as the filter bandwidth A, in this
case. If we additionally consider that the width of the original spectrum Agc
is sufficiently wide compared to the spectral mismatch (Efo — Eg), then we can
further approximate the attenuation factor as

Vg = gpf ~ gpA (171)
Src

1.3 Wavenumber and wavelength bandwidths

In our results, we specify bandwidths in terms of wavelength bandwidths as
Ay (specified in nm) because this is the common convention for specification
of spectral filters as is more familiar to readers. However, we need to convert
this to wavenumber bandwidth Ay for our analysis and monte-carlo numerical
study (Equation ) Considering a central wavelength ), we consider the mean
(angular) wavenumber k = 27/x.

27
Kiow = — 172
27
b = 5= = (173)
Ay, = knigh — Kiow (174)
A
= AAZ (175)
AT
Under the condition that Ay < A,
2r A - A
Apm 2222 .22 (176)
A A
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