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rendering of 

Can we efficiently simulate other physics without directly considering all 
particles?

only aggregate effect 
matters! 
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walk on spheres  
[Mueller 1956, Sawhney and Crane 2020]

volumetric walk on spheres 
ours

x = x0, radius = inf
until radius < :

cp = compute_closest_point(x)
radius = |cp-x|
x = sample_point_on_sphere(x, radius)

return g(x)

ε
x = x0, radius = inf, memory=[]
until radius < :

cp = sample_closest_point(x, memory)
memory.append((x, cp))
radius = |cp - x|
x = sample_point_on_sphere(x, radius)

return g(x)

ε+ stochastic 
closest point queries
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Ω

u = g on ∂Ω
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Dirichlet  
boundary  
condition



⟨u(xi)⟩ = {g(xi+1)  if xi+1 ∈ ∂Ωε

⟨u(xi)⟩  otherwise
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x0

xi+1 ∼ 𝒰 [∂B(xi)]

Ω

Walk on spheres [Muller 1956, Sawhney and Crane 2020]
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xi+1 ∼ 𝒰 [∂B(xi)]
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Ω

Walk on spheres [Muller 1956, Sawhney and Crane 2020]
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r0

r1
r2 r3 r4

x0

x3 x4

Closest point queries

x1 x2
Walk on spheres only  

interacts with geometry 

 through closest point queries!
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Oxygen diffusion on complex model

[Sawhney and Miller et al. 2023]



Volumetric walk on spheres
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Laplace PDE in participating media

uO = g on ∂Ω
ΔuO = 0 on Ω

ū = EO[uo]
mean solution

O = {B(c1), B(c2), . . , B(cN)}
Ω = V \O
where 
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Brute force: ensemble average
sample particle configurations 

…

O1 O2 ON

uO1
uO2 uON

…

solve each configuration

compute mean solution ū
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Sampling and querying all particles is slow

E[num particles] = 1.9m
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26

Why not sample only the 
particles that influence the 

random walk?

Naive approach to rendering volumes
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Volumetric walk on spheres

29

x0

x1

x2
x3

x1 ∼ 𝒰[∂B(x0, |y0 − x0 | )]

⟨ū(x0)⟩ = {g(y0)  if ∥x0 − y0∥ < ϵ
⟨ū(x1 ∣ y0)⟩  otherwise

yi ∼ pcp
i

Volumetric walk on spheres  

avoids sampling all particles and 

reduces closest-point query cost!
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Memory: rendering vs walk on spheres

Particles cannot obstruct already sampled path / walk.

x0
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x2x3x0

x2

x1

x3
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Walk must account for previously sampled particles.
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Memory rendering versus walk on spheres
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Memory rendering versus walk on spheres

x0

x1

x2
x3x0

x1

x2

x3

Volume rendering assumes “memoryless-ness” since inconsistent events are rare

Volume walk on spheres uses memory since inconsistent events are likely
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Electrostatic potential near biological membrane
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membrane

surface geometry
Volumetric WoS

boundary condition 
+ ions
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More interesting particles and correlations
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anisotropic particles 
[Heitz et al. 2015, Jakob et al. 2010]

correlated media 
[Bitterli et al. 2018, Jarobo et al. 2018, d’Eon et al 2018]
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volume rendering 
stochastic opaque solids 

[Miller et al. 2024]

volume rendering 
 Gaussian process implicit surfaces 

[Seyb et al. 2024]

Stochastic geometry beyond microparticles
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NeRF for Physics

42

differential walk on spheres 
[Miller et al. 2024]

volumetric walk on spheres 
ours

coupled simulation of light transport (volumetric ray tracing) 
and diffusion (volumetric walk on stars)

+
How do we build inverse techniques that leverage volumetric representations?

[Instant NGP, Muller et al. 2022]



Thank you!



On faculty job market this fall
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bailey-miller.com


